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TAUT SUBMANIFOLDS AND FOLIATIONS 
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Abstract. We give an equivalent description of taut submanifolds of com- 
plete Riemannian manifolds as exactly those submanifolds whose normal ex- 
ponential map has the property that every preimage of a point is a union of 
submanifolds. It turns out that every taut submanifold is also Z2-taut. We 
explicitely construct generalized Bott-Samelson cycles for the critical points 
of the energy functionals on the path spaces of a taut submanifold which, 
generically, represent a basis for the Z2-cohomology. We also consider singular 
Riemannian foliations all of whose leaves are taut. Using our characteriza- 
tion of taut submanifolds, we are able to show that tautness of a singular 
Riemannian foliation is actually a property of the quotient. 
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1. Introduction 

The terminology of taut submanifolds was introduced by Carter and West in 
|C W72| ■ where they call a submanifold i of a Euclidean space V taut if all the 
squared distance functions : L ^ M., d^ip) = ||p — gip, with respect to points 
q € V that are not focal points of L are perfect Morse functions for some field F, 
i.e. if the number of critical points of index k of coincides with the k-th Betti 
number of L with respect to the field F for all k. If L is taut and F is a field 
as in the defintion of tautness, then L is also called ¥-taut. Thus, geometrically, 
taut submanifolds are as round as possible. If one tries to generalize this defintion 
to submanifolds of arbitrary Riemannian manifolds, the problem arises that the 
squared distance function is not a priori everywhere smooth anymore. Namely, it is 
not differentiable in the intersection of the cut locus of the respective point q with 
the submanifold. 
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Using different approaches, Grove and Halperin |GH91| and, independently, 
Terng and Thorbergsson |TT97| generalized this notion to submanifolds L of com- 
plete Riemannian manifolds M by saying that L is taut if there exists a field F such 
that every energy functional Eq{c) = /jp -^j ||c(t)|p(ii on the space V{M,L x q) of 

i/^-paths c : [0, 1] — > AI from L to a fixed point q G M is a perfect Morse function 
with respect to F if g is not a focal point of L. The critical points of Eg are exactly 
the geodesies that start orthogonally to L and end in q. In particular, in the case 
where M — V is a, Euclidean space, there is an obvious way to identify a sub- 
manifold L with the space of segments in V(V, L x q) and under this identification 
the map corresponds to Eg. Further, it is not hard to see that in this case the 
path space V{V, L x q) admits the subspace of segments from L to g as a strong 
deformation retract. So the definitions agree for submanifolds of a Euclidean space 
and it turns out that this is indeed the right way to generalize tautness. 

It is shown in |TT97) that if L ^ M is an F-taut submanifold, then the energy 
functionals Eg are Morse-Bott functions for all points q G M. Our first main result 
now states that this property actually characterize taut submanifolds. 

Theorem A A closed submanifold L of a complete Riemannian manifold M is 
taut if and only if all the energy functionals Eg : 'P{M, L x q) ^M. are Morse-Bott 
functions. 

In fact, if all the energy functionals are Morse-Bott functions, then the field with 
respect to which L is taut is Z2. Thus, as a direct consequence, we obtain the 
following result, which was, just as Theorem A, so far not even known in the case 
of a Euclidean space. 

Theorem B // a submanifold is ¥-taut, then it is also Z2-taut. 

Based on this result it is reasonable to consider only Z2-taut submanifolds, so 
that we no longer distinguish between Z2-taut and taut. 

As the definition shows, tautness is a very special property. In some sense, it is 
a kind of homogeneity requirement for the pair {M, L) . So it is no surprise that 
so far not many examples of taut submanifolds are known. This makes it all the 
more remarkable that taut submanifolds, if at all, often occur in families which 
then decompose the ambient space, e.g. an orbit decomposition induced by the 
isotropy representation of a symmetric space. It is for this reason that we study 
such families as they usually appear, i.e. singular Riemannian foliations with only 
taut leaves. We call such families taut foliations. As a main result in this direction 
we observe that tautness of a foliation is indeed a property of the quotient of the 
foliation, so that it actually makes sense to talk about taut quotients as equivalence 
classes of quotients under isometries. 

Theorem C Let J- and J-' be closed singular Riemannian foliations on complete 
Riemannian manifolds M and M' such that their quotients M j T and M' j J-' are 
isometric. Then J- is taut if and only if T' is taut. 
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Due to this result one could think about taut foliations as foliations with point- 
wise taut quotients, where we follow |Le06j and call a manifold pointwise taut if all 
of its points are taut (submanifolds) . Of course, in general a quotient of a singular 
Riemannian foliation is far from being a manifold, but as soon as it is a nice space 
in the sense that one could use differential geometric methods it turns out that 
this picture is reasonable. Viewed in this light, the largest class of spaces for which 
one has the appropriate tools available is the class of Riemannian orbifolds, i.e. 
spaces locally modeled by quotients of Riemannian manifolds modulo the action 
of a finite group of isometrics. Now, given a taut singular Riemannian foliation J- 
on M such that the quotient MjT is an orbifold, it follows that MjT is already 
a good Riemannian orbifold, that is to say MjT is isometric to A^/F, where N 
is a Riemannian manifold and F C Iso(A^) is a discrete group of isometrics. This 
observation together with the last theorem leads directly to our next result, which 
mainly motivates our picture of pointwise taut quotients. 

Theorem D Let T he a closed singular Riemannian foliation on a complete Rie- 
mannian manifold M . Then T is taut and MjT is an orbifold if and only if 
MjT is isometric to N/T, where N is a pointwise taut Riemannian manifold and 
F C Iso(iV) is a discrete group of isometrics of N . 

In view of applications, the more interesting direction of this result is that the 
existence of a pointwise taut quotient covering implies tautness of the foliation. The 
known examples of pointwise taut Riemannian manifolds are mainly two classes of 
spaces, together with Riemannian products of elements of these classes and their 
subcoverings. The first one is the class of symmetric spaces, which are pointwise 
taut by the work of Bott and Samelson |BS58] and the second class consists of 
manifolds without conjugate points, e.g. manifolds with non-positive curvature. In 
fact, if there are no conjugate points along any geodesic in a Riemannian manifold, 
the index of every critical point of a given energy functional is zero, hence all 
points in such a manifold are taut. A conjecture in |TT97| states that a compact 
pointwise taut Riemannian manifold that has the homotopy type of a compact 
symmetric space is symmetric. We want to mention as an aside that it is shown in 
[TT97I that in the case of a compact rank-one symmetric space this conjecture is 
equivalent to the Blaschke conjecture which is still not settled. 

It is therefore not a surprise that in all known examples of taut foliations with 
orbifold quotients these quotients are isometric to a space (N x P)/T, where N 
is a symmetric space, P is a manifold without conjugate points, and F is a dis- 
crete subgroup of isometrics. Consider, for instance, the parallel foliation 7^ of a 
Euclidean space V that is induced by an isoparametric submanifold L of V. Such 
a foliation is a singular Riemannian foliation and is also called an isoparametric 
foliation. In this case, the quotient V/J-' is isometric to (p + i>p{L))/T, where p E L 
is some point and F is the finite Coxeter group generated by the reflections across 
the focal hyperplanes m p -\- Vp{L) C V . So V/ F admits a flat orbifold covering 
which is a manifold, thus J- is taut. In particular, our result implies that isopara- 
metric submanifolds are taut, what is well known by [HPT88]. More generally, if a 
closed singular Riemannian foliation J- on a Riemannian manifold M is polar, i.e. 
through every regular point in M there exists a complete submanifold meeting all 
the leaves and always perpendicularly, every section covers the orbit space MjT (as 
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an orbifold). We therefore see again that the orbits of hyperpolar actions, i.e. when 
the sections are flat, are taut. Since sections are always totally geodesic and totally 
geodesic submanifolds of symmetric spaces are symmetric spaces, we also reobtain 
the result from ^BG07j that a polar action of a compact Lie group on a compact 
rank-one symmetric space is taut. In |GT03] Gorodski and Thorbergsson classified 
all taut irreducible representations of compact Lie groups as either hyperpolar and 
hence equivalent to the isotropy representation of a symmetric space or as one of 
the exceptional representations of cohomogeneity three. Let p : G ^ O(V^) be an 
exeptional representation, i.e. the induced action of G on 1^ has cohomogeneity 
equal to three. Then, the restriction of this action on the unit sphere S C V has 
cohomogeneity two, so that S/G is isometric to a quotient S'^/T of the round 2- 
sphere with a finite Coxeter group F. Since the orbits of the G-action on V are 
taut if and only if the orbits of the G-action on S are taut, it follows from Theorem 
D again that the exeptional representations are taut. 

Practically, the only way to prove that a given submanifold L ^ M is taut is 
the explicit construction of so called linking cycles for the energy. Namely, one 
has to find cycles that complete the local unstable manifolds associated to some 
Morse chart around the critical points below the corresponding critical energy. 
This concept is explained in Section 12.11 For the proof of Theorem A in Section 
12.31 (cf. Theorem 12. 9[) we therefore first make the easy observation that all the 
energy functionals Eg : V{M, L x g) R are Morse-Bott if and only if the normal 
exponential map exp^ : v{L) M has integrable fibers, by what we mean that 
(exp^)~^(exp^(w)) is a union of submanifolds for all v G v{L). If so, we explicitely 
construct linking cycles for non-degenerate critical points, i.e. a basis for the (co- 
)honiology of V{M,L x q) if q E M is not a focal point, proving that L is taut. 
For this purpose, for a normal vector v S v{L), we define to be the set of all 
piecewise continuous paths c : [0, 1] — >■ v{L) obtained as follows. Follow the segment 
tv towards the zero section up to the first focal vector tiv, then take an arbitrary 
normal vector vi in the fiber of exp^ through tiv and follow the segment tvi 
towards the zero section up to first focal vector t2Vi, then take an arbitrary normal 
vector in the fiber through t2Vi and repeat this procedure. By construction, for 
every c € Z^,, exp^ oc is a broken geodesic from exp^(w) to L and we define the 
space A„ C 'P{M,L x exp''-(i;)) to consist of all broken geodesic obtained in this 
manner reparameterized on [0, 1] after reversing the orientation. If the occurring 
focal multiplicities are locally constant, then A„ is an iterated fiber bundle and 
thus a compact manifold of the right dimension. In this case, its fundamental class 
ensures that it indeed provides a linking cycle. In the general case, is a "fiber 
bundle" with singularities. Using sheaf cohomology we prove that it still carries a 
"fundamental class" and therefore actually represents a linking cycle. As mentioned 
above. Theorem B is then a direct consequence of this result. 

In the second section we recapitulate the notion of singular Riemannian folia- 
tions and make some preliminary observations about taut foliations. As the main 
property, a geodesic either meets the leaves of a singular Riemannian foliation or- 
thogonally at all or at none of its points. If a geodesic intersects one and hence all 
leaves perpendicularly, it is called horizontal. Roughly speaking, the possibilities 
to vary a horizontal geodesic through horizontal geodesies consist of variations of 
the projection of the geodesic to the quotient and of variations through horizontal 
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geodesies all of whieh meeting the same leaves simultaneously. This results in an 
index splitting for horizontal geodesies into horizontal and vertical index that we 
discuss in Section 13. 3[ the latter one counting the intersections with the singular 
leaves (with their multiplicities). In 13.41 we then prove Theorem C using Theorem 
A and the fact that the horizontal index is an intrinsic notion of the quotient (cf. 
Theorem I3.20|) . Using the arguments from our proof of Theorem C, we are able 
to give a general construction to obtain lots of examples of taut submanifolds in- 
cluding all the known examples that occur in families. Finally, Theorem D is then 
proved as a special case of Theorem C (cf. Theorem I3.26P . 

At the end of this section we recall some basic facts about infinitesimally polar 
foliations, i.e. those foliations whose quotients are orbifolds, from |LT10j and re- 
formulate our Theorem D for those foliations. Infinitesimally polar foliations can 
also be described as those foliations admitting a canonical geometric resolution 
(cf. |L10] ). that is to say a canonically related regular foliation with an isometric 
quotient. As a consequence of our results we therefore observe that the canonical 
resolution of an infinitesimally polar foliation is taut if and only if the foliation is 
taut. 

Our proof of Theorem A (as well as of Theorem C) may be viewed as a gener- 
alization of the construction of Bott and Samelson in |BS58| that proves that the 
orbit foliation of a variationally complete action, i.e. when the focal points of the 
orbits are only caused by singular orbits, is taut. Given an orbit of such an action, 
Bott and Samelson came up with concrete cycles associated to the critical points 
of the energy on the space of paths to a fixed point which, generically, represent a 
basis for the Z2-(co-)homology of the corresponding path space. For such a generic 
critical point c their cycle can be described as a connected component of the set 
of broken horizontal geodesies, i.e. broken geodesies that intersect all the orbits 
orthogonally, that have the same projection to the orbit space as c, hence coincide 
with our space A(c) from Lemma 13.221 Thus we reobtain their result as a special 
case of CoroUarv l3.24l 

Finally, we must warn the reader that the use of the term "taut foliation" could 
lead to confusions. In the theory of (regular) foliations there are other definitions 
of tautness, such as geometrically or topologically taut foliations. But in this work, 
by a taut foliation, we always mean a singular Riemannian foliation all of whose 
leaves are taut submanifolds as defined above. 
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2. Taut Submanifolds 

2.1. Linking Cycles. The terminology of tautness for submanifolds of a Euclidean 
space was introduced by Carter and West in [CW72| . They call a submanifold L of 
a Euclidean space V taut if there exists a field F such that for generic points q £V , 
the squared distance functions c?^ : L ^ M, given by rf^(p) — \\p — are perfect 
with respect to the field F. A definition similar to this can be used for submanifolds 
of the round sphere S"^ <ZV . 

Reminder. A Morse function on a complete Hilbert manifold P is a smooth function 
/ : P ~> R which is bounded below, has a discrete critical set Crit(/) and satisfies 
Condition (C), i.e. if is a sequence of points in P with {/(pn)} bounded and 
IM/p,ill ~^ 0: then {pn) has a convergent subsequence. Thus Condition (C) can be 
regarded as an analogue of a compactness claim in the infinite-dimensional setting. 

If p is a critical point for the Morse function /, then the index ind(p) is defined 
to be the dimension of a maximal subspace of TpP on which the Hessian is negative 
definite, i.e. the number of independent directions in which / decreases. As in the 
finite dimensional case a Morse function gives rise to a cell complex with one cell 
of dimension k for each critical point with index fc, which is homotopy equivalent 
to P. If we set P'' = {p e P\f{p) < r}, then the weak Morse inequalities say that 
if Vkia, b) denotes the number of critical points of index k in f~^{a, b) for regular 
values a<b, then 6fe(P^P";F) < Vk{a,b) for ah fc, where 6fc(P^P'';F) is the fc-th 
Betti number of [P^^P"-) with respect to the field F and / is called perfect {with 
respect to F) if the weak Morse inequalities are equalities for all k and all regular 
values a < b. For a detailed background we refer the reader to Part II of jPT88j . 
A Morse-Bott function / : P — M on a complete Hilbert manifold P is a smooth 
function whose critical set is the union of closed submanifolds and whose Hessian 
is non-degenerate in the normal direction. That is to say, every critical point lies in 
a closed submanifold whose tangent space coincides with the kernel of the Hessian 
at each point. If so, the index of a critical point is defined to be the index of the 
restriction of the Hessian to the normal space of the corresponding critical manifold. 
Since the Hessian depends continuously on the points of the critical manifolds, the 
index is constant along the connected components of the critical set. 

Using different approaches. Grove and Halperin |GH91j as well as Terng and 
Thorbergsson jTT97j defined a general notion of taut immersions into a complete 
Riemannian manifold. In }TT97) it has been proven that for submanifolds of a 
Euclidean space the generalized definition of tautness coincides with the one previ- 
ously known. We are going to introduce this generalized notion using the exposition 
in |TT97) . 

Let (M, g) be a complete Riemannian manifold and let H^{I, M) denote the com- 
plete Riemannian Hilbert manifold of paths / = [0, 1] — >■ M with its canonical 
differentiable and metric structure, i.e. H^{I,M) is locally modeled on 7J^(/,R"). 
Recall that a path is of class i?^ if and only if it is absolutely continuous with 
finite energy. The charts for H^(I,M) are given by the identification of an open 
neighborhood of the zero section in H^{I,c*{TM)) , for c G H^{I,M) piecewise 
smooth, with an open neighborhood of c in H^{I,M) by the exponential map of 
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M. Then, for such c, one has TcH^{I,M) ~ H^{I,c*{TM)) and the expression 

{X, Y)= g{X{t), Y{t))dt + g{VXit),VY{t))dt, 

which is a priori defined for X, Y piecewise smooth can be extended to a complete 
Riemannian metric on H^{I,M) (cf. |K182| ). Furnished with this differentiable 
structure, the map e : H^{I,M) — > M x M, given by e(c) = (c(0),c(l)), defines a 
submersion. 

Now for a proper immersion (j) : L ^ M into a complete Riemannian manifold 
and a point q G M, we define the path space V((f,^q){M,L) to be the pullback of 
H^{I, M) along the map p ^ {(t^ip), l) from L into M x M, i.e. V(^^^q^{M, L) con- 
sists of pairs (p, c) G L x H^{I,M) with = c(0) and c(l) = g. In particular, 
'P(0.g) (Af , i) inherits a smooth structure that turns it into a complete Hilbert mani- 
fold and one can show that the induced energy functional : 'P[^^q){M, L) R, 
defined by 

is a Morse function if and only if q is not a focal point of L (along any normal 
geodesic). Recall that for a normal vector v e v{L), the point exp-'-(u) e M is 
called a multiplicity fj, focal point of L along the geodesic exp"*- (tv) and v is called 
a multiplicity fi focal vector iff dim(ker((iexp^)) = /z > 0, where exp-*- : v{L) — )> M 
denotes the normal exponential map. The critical points of E(^^^q) are exactly the 
pairs (p, 7), where 7 is a geodesic, which starts perpendicularly to L and ends in q. 
By the famous theorem of Morse, the index of a critical point (p, 7) is then given 
by the sum 

ind((p,7))= Mi) 
te(o,i) 

over the multiplicities p{t) of the points 'y{t) as focal points of L along 7. 

A geodesic 7 that starts perpendicularly to L, i.e. 7(0) G fiL), is called an 
L-geodesic. In this case we frequently use the notation 7^, to denote the i-geodesic 
1 1— J> exp^{tv) (or respective restrictions). A vector field J along an L-geodesic 7 is 
called an L-Jacobi field along 7 iff it is a variational vector field of a variation of 7 
through i-geodesics and the nullity of a critical point (p, 7^) of -^(^ .^^(i)) is given 
by /i(w) = dim(ker((iexp^)) and equals the dimension of the vector space 

{ J| J is an L — Jacobi field along jy, J(l) = 0} . 

In our setting of path spaces every energy sublevel contains finite dimensional sub- 
manifolds consisting of broken geodesies, each of them homotopy equivalent to this 
sublevel, such that the restriction of the energy to each of these submanifolds has 
the same relevant behavior, i.e. the critical points of the restriction are exactly the 
critical points of the energy functional and their indices and nullities coincide. In 
particular, the indices and nullities are finite. 

For these facts and a detailed discussion on path spaces and the energy functional 
we refer the reader who is not familiar with these notions to |K182) and |Sak96) . 

Finally, if is a closed embedding identifying L with its image 0(i) C A/, 
we will drop the reference to the map and simply write V{M, L x q) instead of 
'P{<P,q) L) for the space of 7J ^-paths from L to q. 
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Suppose that M — V is. a. Euclidean space and that, for simphcity, L C is a 
closed submanifold. Then, for every fixed point q G the submanifold L is diffeo- 
morphic to the space of segments S = {sp{t) = p + t{q — p),p € L} in P{V, L x q) 
and with respect to this identification the energy is given by the squared distance, 
i.e. Eq{sp) = (Pq{p) ~ \\p — f/lp. Moreover, it is not hard to see that this identifica- 
tion respects the critical behavior of these functions. Since all the critical points of 
the energy Eq are contained in S and, by convexity, the space 'P{V, Lxq) contains S 
as a strong deformation retract, the squared distance function dq is a perfect Morse 
function on L if and only if Eq is a perfect Morse function on V{V,L x q). This 
observation led Terng and Thorbergsson to a natural generalization of the notion 
of a taut immersion into any complete Riemannian manifold M . 

Definition 2.1. A proper immersion : L — > M of a manifold L into a complete 
Riemannian manifold {M,g) is called taut if there exists a field F such that the 
energy functional E(^^^q^ : V(^^^q){N,L) M, given by E(^^^q-^{p,c) = Jj \\c{t)\\'^dt, is 
a perfect Morse function with respect to the field F for every point q G M that is 
not a focal point of L. In particular, a point p S M is called a taut point if {p} 
is a taut submanifold of M, i.e. Eq : P{M,p x q) M. is perfect with respect to 
some field for every q G M that is not conjugate to p along some geodesic. If a 
submanifold L is taut and F is a field as in the definition of tautness, then L is also 
called ¥-taut. 

In |Le06| Leitschkis called a manifold with only taut points pointwise taut and 
we will continue with this notion. 

Note 2.2. In [TT97| it is shown that a properly immersed, taut submanifold of a 
simply connected, complete Riemannian manifold is actually embedded. Because 
we will see in Section 13.21 that one can always assume that the ambient space is 
simply connected, we will proceed assuming that all submanifolds are embedded 
and closed, but all of our results will also hold in the case of a proper immersion. 
For this reason, if not otherwise stated, by a submanifold L of M we always mean 
an embedded submanifold and consider all submanifolds as subsets of M. Finally, 
a manifold is always assumed to be connected. 

The only way that is known to prove tautness in general, i.e. that a given Morse 
function is perfect, is the concept of linking cycles, that we are going to explain now. 
For this reason let / : P M be again a Morse function on a complete Hilbert 
manifold. Then, for every r S K, the sublevel contains only a finite number 
of critical points of / and we can assume that these critical points have pairwise 
distinct critical values. That the latter assumption is not restrictive follows from 
the fact that one can lift a small neighborhood of a critical point a little without 
changing the relevant behavior of the function. Moreover, using the fiow of the 
negative gradient, one sees that for small e the sublevel sets P^+^ and P''^"^ have 
the same homotopy type unless r is a critical value. If so, let p be the critical point 
of / with f{p) = r and choose an e such that {r — e,r + s) contains no critical value 
except r. If we denote the index of p by i then P^+'^ has the homotopy type of 
P^~'^ with an i-cell attached to f~^{r — e). Consider the following part of the 
long exact cohomology sequence of the pair of spaces (P''"'"'^, P'^~^) with coefficients 
in a field F: 
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> W-\P''+'',P'-') W-\P'+^) W-^P"^-^) ^ W{P'^+^,P'-') 

^ V ' ^ V ' 

=0 e^F 



Since wc arc using coefficients from a field, we can switcli between tire more common 
homological and tlie, for our approadi, more suitable cohomological point of view 
by dualization, i.e. H*{P'^;¥) ^ HomF(-ff*(P''; F), F). Anyway, we see that by 
passing from P^~'^ to P''+'^ the only possible changes in homology or cohomology 
occur in dimensions i — 1 and i. To understand this geometrically let us have a look 
what happens in homology. In the first case, the boundary dei of the attaching 
cell is an (i — l)-sphcrc in P''"^ which does not boimd a chain in P^~^ , i.e. 
has as boundary the nontrivial cycle dci and so 9* 7^ 0. In the second case, dci 
does bound a chain in P^~^, which we can cap with d to create a new nontrivial 
homology class in P''+% that is to say 9, = and Hi{P''+'') ^ 7J,(P'-^) F. 
We see that the Morse inequalities are equalities if and only if 

W{pr+e^pr-e^^ _^ H\p-'+^) is nontrivial, i.e. d* = 0, 
or, equivalently, 

H,{P''+') Hi{P''+' , P''-") is surjective, i.e. 9* = 0, 
for all critical points p of /. 

For a critical ponit p £ P, one can show that 

^*(p/(p)+e^p/(p)-£) i7*(p/(P),p/(P) \{p}). 

Thus suppose that we have a map hp-.Ap^ P^^p) for every critical point p such 
that the composition 

H^^pnp),pnp) \ {p}) % H\\,h-\pf(p^ \ M)) ^ H\\) 

is nontrivial. In this case, because the connecting homomorphism d* is a natural 
transformation, we have that 

h*od* =d*o h*p 

and we conclude that the map H\pf^P\pf'^P"i \ {p}) H'ipf-P^) cannot be zero, 
so that / is a perfect Morse function under this assiimption. If so, we call the pair 
(Ap, hp) a. linking cycle for p, the critical point p of linking type, and we say that 
the function / : P — )• E is of linking type if all the critical points are of linking type. 
Of course, if / is perfect, then the inclusions of the corresponding sublevels define 
linking cycles, so that / is of linking type. Thus we see that a Morse function is 
perfect if and only if it is of linking type. 

Note 2.3. At the end of this section we will prove that an F-taut submanifold is 
always Z2-taut. By this reason, and due to the fact that dealing with (co-)homology 
there is just a little chance to get general results with other coefficients, we restrict 
our attention to the case F = Z2. From now on, saying taut we always mean Z2-taut 
and we drop the reference to the field everywhere. 
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Remark 2.4. Using finite-dimensional approximations of the patfi space we see 
that in the setting we are interested in, singular cohomology is isomorphic to Cech 
cohomology (cf. Section [521) • Because the latter groups satisfy a continuity prop- 
erty and are more easy to handle, we focus on the Chech cohomology groups in the 
following. 

2.2. The Main Tool. As already mentioned in the introduction, the problem when 
dealing with general cycle constructions is the behavior of the focal data. The con- 
struction of Bott and Samelson works well, also in the general case, if the focal 
points along a variation do not collapse, i.e. if the cardinality of the intersections 
of normal geodesies with the focal set is locally constant. Unfortunately, the occur- 
rence of focal collapses along a variation of normal geodesies cannot be avoided in 
general, but since these collapses depend continuously on the initial directions of 
the geodesies, it turns out that this indeed constitute no problem for our goal. In 
the following will work this out using the theory of sheaves and sheaf cohomology 
as it is presented in |B67j and chapter 5 of |Wa83] . We refer the reader to these 
textbooks for the facts that we presume. 
To fix a notation we recall the following 

Definition 2.5. A sheaf (of Abelian groups) on X is a pair (^, tt), where 

(1) ^ is a topological space; 

(2) TT : A ^ X is a. local homeomorphism; 

(3) Each fiber Ax = 7r~^{x) is an Abelian group and is called the stalk of A at 
the point x; 

(4) The group operations are continuous, i.e. the map 

(a, /3) ^ (1-/3 

with AXt^ A — {(a, 13) £ Ax A\TT{a) — 7r(/3)}, is continuous. 
If the context is clear we will drop the reference to the map tt and talk about the 
sheaf A. For an Abelian group G, we say that ^ is a G-sheaf on X if all the fibers 
TT~^{x) are isomorphic to G. 

Given a continuous map f : X ^ B from a compact Hausdorff topological space 
X onto some nice space B with a fundamental class in Z2-(co-)homology, e.g. a 
manifold, such that all the fibers are compact manifolds of constant dimension, one 
would expect that the union over the base B of all the fibers defines a non-trivial 
class in Z2-(co-)homology in dimension equal to the sum of the (co-)homological 
dimension of B and the fiber dimension. In order to prove our main theorem later 
on, we are dependent on a tool like this, because we want to construct explicit 
(co-)cycles with specified cohomological behaviour. The easiest way, known to the 
author, to prove such a statement is by means of sheaf cohomology. 

The first step in this direction is the following easy observation for which we 
have not found any reference in the literature. 

Lemma 2.6. Let X be a locally compact Hausdorff topological space. Then there 
are no nontrivial "£2- sheaves on X . 

Proof. Assume that (^, tt) is a Z2-sheaf on X, i.e. 7r~^(x) = Z2 for all x G X. 
Then each fiber 7r~^(a;) has exactly one element that is not zero and we denote this 
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nontrivial element by l^. Because the zero section : X — > ^ is a global section, 
it remains to observe that the well-defined map 1 : X A, given by l{x) — Ix, 
is continuous, what is straightforward. Thus the map X x 1,2 A, given by 
(a;, e) i— )■ Ex for e G {0, 1}, defines an isomorphism of sheaves. □ 

A presheaf on a topological space X is a contravariant functor from the category 
of open subsets of X , where the morphisms are just the inclusions, to the category 
of Abelian groups, i.e. a function that assigns to each open set U an Abelian 
group A(U) and to each pair U C V a, homomorphism, called the restriction, 
rjjy : A{V) — > A{U) in such a way that ru,u — 1a{u) £^nd rjjy o rv,w = i~u,w 
whenever U C V C W. The set of (local) sections of a sheaf .4 is a presheaf in 
the obvious way. Conversely, given a presheaf A, taking fiberwise the direct limit 
over all neighborhoods of a fixed point one gets a sheaf A by the so obtained set 
of germs topologized by the natural sections induced by A. In this case, one says 
that the sheaf A is generated by the presheaf A. 

Example. • For any standard cohomology theory H* on X, the assignment 

given by U ^ H^{U ; G) defines a presheaf, where the coefficients are taken 
to be any Abelian group G. 
• Let f : Y ^ X he a continuous map between topological spaces. Then for 
every r > there is an associated presheaf on X given by the prescription 
U H^{f~^{U);G), where we denote by H* the Cech cohomology. The 
sheaf T-V{f] G) generated by this presheaf is called the Leray sheaf of / on 
X. 

There is a way to define cohomology theories with coefficients in a pesheaf or in 
a sheaf, what is the same for paracompact spaces (see, e.g. Chapter 6 of |Sp66| ). 
But a developement of this theory would go beyond the scope of our discussion, 
the more so as it is not really necessary for our goal. By this reason we have to 
refer the reader to the literature, e.g. |B67| . |Sp66| or |Wa83j . Because it is all 
we need, we just want to mention that in the case of a constant sheaf X x G this 
cohomology is exactly the same as the usual Cech cohomology with coefficients in 
G. Moreover, it can be shown that if X is a topological manifold of dimension n, 
then all the cohomology groups with coefficients in any sheaf vanish in dimensions 
greater than n. This is an important feature from which we make essential use of. 

Remark 2.7. It is shown in [Sp66| that in the cases we are interested in, the 
cohomology groups H^{X;Q) with coefficients in the constant sheaf Q = X x G 
are nothing else than the Alexander-Spanier cohomology groups with coefficients 
in G and that the latter coincide with the Cech cohomology groups H^{X; G). In 
particular, it is therefore clear that we have long exact sequences, excision, and that 
the homotopy axiom holds. Finally, because we are dealing only with nice spaces, 
please recall that for compact subsets {K, L) of a manifold, the Cech cohomolgy 
groups H^(K,L) are isomorphic to the direct limit 

\hn {H^{U,V)\{K,L) C {U,V)} 
where the limit is taken over open subsets ([/, V) D {K, L). 

As mentioned above, the cohomology groups H^'{U;Q) with coefficients in the 
constant sheaf Q = X x G are isomorphic with the corresponding Cech groups. 
Thus the generated sheaves are also isomorphic. Due to this, our definition of the 
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Learay sheaf in this case behaves well with respect to the general definition of the 
Leray sheaf in the context of sheaf cohomology, which is, given a sheaf A on Y, 
generated by the presheaf U {f~^{U); A). 

We now come to the heart of this section, that is a very powerful tool for our 
use. We formulate the following lemma in an easy to handle version, adjusted 
accordingly to our purpose, but the reader who goes through the proof will notice 
that it also holds under weaker assumptions, e.g. if B as in the claim has the 
cohomological behavior of a manifold. 

Lemma 2.8. Let X be a connected and compact Hausdorff topological space and 
let f : X B be a continuous map onto a manifold B of dimension k. Assume 
that every fiber f~^{b) is a connected manifold of (constant) dimension n or, more 
general, that H'"-{f^^{h)\'L2) — ^2 o-nd H^{f^^{b)]'&2) — for all I > n, where 
H* denotes the Cech cohomology. Then X has cohomological dimension n + k, i.e. 
fl'"+'=(X;Z2) = Z2 and H^{X;Z2) ^0 fori > n + k. 

Proof. Since X is compact and connected and / is surjective, B is compact and 
connected, too. If we consider cohomology with coefficients in the constant sheaf 
Z2 = X X 7^2, then, due to Theorem 6.1 in |B67j . there exists a spectral sequence 
{Er,dr} with dr : ^ ^m+r,i-r+i converging to H*{X;Z2) with E2 page 

El^-' ^H"^{B;U'{f;Z2)), 

where ?^'(/;Z2) denotes the above defined Leray sheaf on B, generated by the 
presheaf U >-> H''{f'^{U); Z2). Further, it is also proven there that in our setting 
the stalks (/; Z2)p of the Leray sheaf are isomorphic to the cohomology groups of 
the corresponding fibers Z2) = Z2). Then, by our assump- 

tions and Lemma [2.61 the n-th Leray sheaf is the constant sheaf on B, that is to 
say TL"{f; Z2) ^ B x 7^2- Therefore, the entry E2'^ is just given by the fc-th Cech 
cohomology group H^{B]'L2) — ^2- Because _B is a manifold of dimension k, all 
the groups H"^{B; Z2)) vanish for m > k, by dimensional reasons mentioned 

above. Also all the entries E™' with I > n vanish, because 'H''{f; Z2) is the 0-sheaf 
in this case. But this means that the entry £'2'" survives in the spectral sequence 
since it is the top right entry in the nontrivial rectangle on the E2 page. The second 
statement of the claim follows from the fact that if m + / > fc + n then m > k or 
l>n. □ 

2.3. An Equivalent Description. Having achieved our key tool in the last sec- 
tion, we are now able to prove our main result. 

Theorem 2.9. Let L G M be a closed submanifold of a complete Riemannian 
manifold M . Then the following statements are equivalent. 

(1) L is taut. 

(2) All energy functionals are Morse-Bott functions. 

(3) The fibers of the normal exponential map exp^ : i'{L) — AL are integrable. 

Proof. The implication 1. 2. holds by Theorem 2.8 of |TT97j . where Terng and 
Thorbergsson show that if L is a taut submanifold (with respect to any field), then 
all the energy functionals are Morse-Bott functions adapting the idea of Ozawa 
|Oz86] for the Euclidean case. 

The equivalence of 2. and 3. is more or less by definition. If S* C V{M, L x q) is 
a critical submanifold of Eq, then the image of the map S — > i'{L),s s(0), is an 
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integral manifold of the kernel distribution. Conversely, if 5 C v{M) is an integral 
manifold of the kernel distribution, i.e. an open and compact submanifold of some 
fiber (exp^)~^(q), then the image of the map S V{M,L xq),v i-^ exp^{tv)\[Qi], 
defines a non-degenerate connected component of the critical set of Eg. 

Therefore, it remains to show 3. 1. and we prove this by constructing explicit 
linking cycles for Z2-coefficients. 

Let us first fix some notation before we discuss our construction. For convenience, 
let 77 — exp^ : i'{L) — > M denote the normal exponential map. By the ray through 

V G v{L) we mean the linear map : — > v{L), given by ry{t) — tv, and by 
the segment to v we mean Sy = ry\[Q iy Then for a > 1, the point q — 'q{v) is 
a focal point of L along the geodesic ^av = rj o Sav if and only if drjy is singular 
and the multiplicity of q as such a point is just the dimension of the kernel of drjy. 
Recall that in the case where drjy is not onto we call v a focal vector of multiplicity 
li{v) — dim(ker((i77t,)). Let us denote by C the union of all points in I'iL) where drj 
is singular and call it the (tangent) focal locus. We call every number in r~^(C) a 
focal time along the ray ry . It is a well known fact that the focal times are discrete 
along any ray and that they depend continuously on the rays. Namely, that there 
are continuous functions 

A, : 5(1) = {v e i^{L):\\v\\^ = l} ^ R 

with < Ai < A2 < ... and r'^iC) = {A,(t;)},>;^ (cf. [ITOT] ). This implies 
that every vector v G i^iL) has an open neighborhood U such that every ray that 
intersects U contains ^{v) focal vectors in U counted with multiplicities, i.e. if 
im{ryj) nU ^9, then 

Finally, we call a focal vector w G C regular if there is an open neighborhood 
U oi V such that all rays which intersect U intersect U D C exactly once. Due 
to Warner jWa65j and Hebda [HebSlj . the set Cr of regular focal vectors is an 
open and dense subset of C that is a codimension-one submanifold of i^iL) such 
that Tyiy(L) ^ TyCji © for all v G Cr. Let v{L)^ denote the set of vectors 

V G v{L) \ C such that Sy intesects C only in C/j, i.e. such that w ^ #{si]I^(C')} 
is constant on a neighborhood of v. Then v{L)^ is obviously open in v{L) and it 
is also dense. To see this, consider the function n : i'{L) \ C li, given by 

n{v) = #{s-\C)}, 

which is lower semi-continuous by our above observations. Then 

v{L)^ = {i;Gt/(L)\C: n is constant on a neighborhood of u} 

= {vev{L)\C:s-\C)^s-\CR)). 

Since the set of regular vectors ^(L) \ C is open and dense in v{L), it is enough 
to show that v{L)^ is dense in v{L) \ C. Thus assume that v{L)^- is not dense in 
v{L) \ C. Then the complement of v{L)^ in v{L) \ C contains an open set U . The 
function n admits its maximum rir on every intersection UnB(r) oiU with an open 
tube B{r) of radius r around the zero section. Choose r so large that Ur\B{r) ^ 0. 
Due to the semi-continuity of n, the set n~^{nr) nU Ci B{r) defines an open subset 
of 'y{L) \ C on which n is constant, what clearly contradicts our definition of v{L)^. 
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Suppose now that the singular kernel distribution Uuei/(L) ker((i?7„) is completely 
integrable, i.e. through every point v G i^{L) there is a /i(u)-dimensional compact 
connected submanifold Cv with T^Cv = kGT{driw) for all w Cv Then wc have 
that Cy C 5(11 I'll), where 5(11 I'll) denotes the sphere bundle over L of normal vectors 
of length and the index i{v) = X^jg(o i) constant along Cy. As above, 

for a vector v G 5(1), wc denote by < \i{v) < A2(w) < . . . the (continuous) focal 
times along the ray r^, counted with their multiplicities. 

Let us now define a function m : y{L) [0, 1) which assigns to a normal vector 

V e y{L) \ {0} the number 

m{v) = max{i G (0, l)\n{tv) ^ 0} 

if i{v) > 0, and m{v) = if i{v) = or if t; belongs to the zero section. In 
particular, by our above observations, the restriction of m to each submanifold Cy 
is continuous, because of m{v) = M{v/\\v\\)/\\v\\ for some i and \\v\\ ^ 0. 

Denote by £ = Ut;Gjy(L) r?-fiber decomposition of the normal bundle y{L) 

and define Q : ^{L) — > v{L)/€, to be the natural quotient map. Since the fibers of 
Q are compact submanifolds of J^(i), which are connected components of the fibers 
of the continuous map r? from the complete space y{L) to the manifold M, the quo- 
tient is a locally compact Hausdorff space and the restriction of the projection to 
v{L)\C is a homeomorphism onto an open subspace of i^(L) / £. The fiber norms on 
v{L) push down to the distance function from the image Q(0) of the zero section, 
so that every compact subset in h'{L)/€- has to be of bounded distance from (3(0). 
In particular, the map Q is proper and therefore closed. 

We now dcfiiie a natural cycle candidate for every geodesic — Tj o Sy with 

V e i^{L) \ C. Because rj factorizes over j/(L)/£ by a map f] : i'{L)/^ — >• M, we 
will work in the quotient space and consider the space P{v{L)/<t,Q{Qi) x Q{v)) of 
continuous paths c : [0,1] v{L)/€. from Q(0) to Q{v) with the compact open 
topology. The constructed cycles will embed in an energy preserving and obvious 
way into V{M,L x r]{v)) under the map on the path space level induced by f], so 
that we renounce the reference to the latter space for the rest of the proof. 

Because the r?-kernel distribution on i/(i) is integrable, there is a natural cycle 

through Q o s,, intuitively having the right dimension. Namly, take Zy to be the 
set of all piecewise continuous maps from [0, 1] to i^{L) obtained (with the reversed 
orientation) as follows: Follow the segment s„ towards the zero section up to the 
first focal vector m,{v)v, take a vector wi € Cm(v)y and follow the straight lino 
twi towards the zero section up to the first focal vector m{wi)wi. Then take an 
arbitrary focal vector W2 in the corresponding leaf and follow the line tiU2 towards 
the zero section up to the first focal vector, then take an arbitrary focal vector W3 in 
the corresponding leaf Cm{w2)w2 ^^'^ follow the line tw^ up to the first focal vector 
and so on. This process will end after a finite number of steps and we can push down 
these piecewise continuous maps via Q obtaining broken geodesies [0, 1] v[L)/€, 
starting in (5(0) and ending in Q{v) and we define A„ to be the injective image of 
Zy under this map. 

To be more precise, let us say that a tuple c = (c^, . . . , ci) is an 77-polygon on 
[0, 1] if there exists a partition Q = tr < U-i ■ ■ ■ < ti < to = 1 oi the interval [0, 1] 
such that Cj : [ti,ti-i] i'{L) is given by Ci{t) = rw^{t) = tWi for some vector 
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Wi e i^{L). Then for v G ^{L) \ {0}, let Z„ be the set eonsisting of ah 77-polygons c 
on [0, 1] inductively defined as follows. If i{v) = J2te{o,i) = 0> set Zy = {sv} 
and if i{v) = 1 with 

ti - m[v) - Sy [C) ii^j^n , 

define Zy to consist of pairs c = {c2{w), ci), where w € Cjn{v)v and 
C2{w) : [0,m(w)] — )• is given by C2{w){t) = tw 

and 

ci : [m(w), 1] v{L) is given by Ci(i) = to. 
Note that, because of w e Cm{v)v: we have 

X^{wl\\w\\) = \\w\\=m{v)\\v\\=Xr{vl\\v\\). 

Now assume that we already have defined Z^ if i{w) < n in such a way that 
it consists of all ?7-polygons c = (cr,...,Ci) with Ci : — > v{L) satisfying 
Ci+i{ti) € Cci(ti) for i > 1. Let u be a normal vector with i{v) = n + 1. Then for 
every vector w in the fiber Cm{v)v through m{v)v we have i{w) = i{m{v)v) < i{v) 
and we define the space Zy to consist of pairs {d{w),ci) for some w e Cm{v)v 
with Ci : [m(u),l] — i'(i), defined by Ci{t) = tv and d{w) : [Q,m{v)] — >■ is 
a linear reparameterization on [0,m(t;)] of an element d € Zy,, i.e. there exists 
an 77-polygon d = {dr, . ■ ■ ,di) G Zy, with rf, defined on an interval for 
a partition = < ir-i < ••• < ^i < = 1; and d{w) = {dr,-.-,di) with 
di : [U,ti^i] ^{L), given by di{t) = d^ (^-^^^j^, where tj = m{v)U. If we set 

Ci+i = di, we have that c = ((i(t(;),ci) = (cr+i, . . . ,C2,ci) with ci = s„|[to(„)_i] and 
for i > 2 and wi = v we obtain the formula 



Ci{t) = SM {t),t e 



AMI 



with e C; 



Thus in the above notation ti = m(wi)Jjp^. Note that this is well defined because 
of m{riii^i)\\'Wi^i\\ — \\wi\\ and our definition that m{w) = if i(tv) = 0. We can 
regard an ^/-polygon on [0, 1] as a piecewise continuous map c : [0, 1] — > i^{L), defined 
by c(0) = and = where, of course, here c(0) = means the 

origin of the normal space that is uniquely defined by c(e) for some small number 
e > 0. Anyway, there is a well-defined injective map 

Q:Zy^ P{y{L)/€,Q{Q) x Q{v)), 

given by (3(c)|[t,,t,_i] = Q o a with energy 

E{Qic)) = {l-m{w^mvf + J2E{ci) 



i>2 



= (1 - m{w^))\\vr + - m{wi) ^^^^ 

= \\vf. 

Now we define the space to be the image Q{Zy) c P{y{L)/<L, Q(0) x Q{v)) with 
the relative topology, i.e. induced by the compact open topology on the path space 
P{i'{L)/€,Q{0) X Q{v)). With this topology the space is compact, because 
Q is proper. The map Q : Zy ^ Ay is a. bijection and we topologize Zy by the 
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postulation that this map is a homeomorphism. As mentioned above, we can regard 
as a space of piecewise continuous maps. 

We follow this direction and define e : x [0, f] v(V) by e(c, 0) = c(0) and 
e(c, t) = lime /■tciii!') if t G so that t i— >■ et(c) is the required map. Let 

us set e : A„ x [0, 1] — v{L)/<L for the continuous evaluation map, given by the 
prescription e((5(c),i) — Q{c){t), and consider the commutative diagram 



X [0, 1] 



u{L) 



Qxid 



A„ X [0, 1] 



y{L)/€ 



from which it follows that e is continuous in (c, i) if Q{c){t) ^ (9(C). If we define 
e(-,t), then e„(-„-) : Z^ ^{L) is also continuous. To see this, we first observe 



et 

that 6^(1,) is continuous iff it is continuous considered as a map to the submanifold 
Cm(v)v S{m{v)\\v\\). Thus take an open subset U C Cm(v)v and note that by 
definition we have that 6^(1,) (c) — w iff the image of C2\im{w),m{v)] is contained 
in the set ['m{-), !]•[/ = {r{w)w\r{w) € [m{w), l],w £ U}. Because m is bounded 
away from 1 on Cm(„) , we can find an e > such that (1 — e, 1) • Cm{v) C \ C 
and because Q is an embedding on iy{L) \ C we have 



'in{v)—e/2 



((1 



£,l).C/) = Q"i(e--i„)_^/,(g((l 



which is therefore open. 



The crucial point with regard to our goal is that therefore the map 

Q{c) ^ c{m{v)) 
is continuous, so A^, is given as the (continuous) family of fibers 
A. - IJ pr-\w) - IJ A^, 

what enables us to use an inductive argument to verify the right cohomological be- 
havior. For this reason, we identify pr~^(u') = A„, by restriction and reparametriza- 
tion, i.e. forgetting the last irrelevant segment we regard a broken geodesic Q{c) in 
A„ as a path from (9(0) to the furthermost breaking point (9((^m(t))t>)j namely as a 
path in the space Ac(m(i,)). 

By definition, A^, = {st,} if i(v) = 0. If i(v) = 1, then Cm(v)v — and we 
have pr^^{w) ^ = {sw} for all w e Cm{v)v Of course, in this case we have 
H^{Ai,) = Z2 and H''{Ai,) = if fc > 1. In the general case, we note again that for 
all w e C„i[v}v we have 

i{w) = i(ra{v)v) — i{v) — /i(m(w)u) = i{v) — (ii-ai{C m(v)v) ■ 
In particular, if i(v) > 0, then i(w) < i(v) for all w G C„i(v)v Thus, be- 
cause of the fact that pr~^(w) = A^,, we can assume by induction that we have 
H^M(pr-\w)) ^ Z2 and H^{pr-^{w)) = if fc > i{w) for all w e (7„(„)^. Apply- 
ing Lemma [2.81 to the map pvy : Ay Cm{v) it then follows that W'^^^{Ay) = Z2 
and H'^iAy) = if fc > i{v). 
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Coming so far, it remains to prove that the spaces Ay indeed represent hnking 
cycles for generic geodesies Qosy, because using continuity arguments as in Section 
13.11 this would imply tautness. But this follows from the fact that, due to |Wa67] 
and [HebSl^ , € defines a smooth distribution on every connected component of the 
set of regular focal vectors, so that it is more or less obvious by our construction 
that Q o admits a manifold neighborhood in A^, for all v G v{L)^. Further, 
this neighborhood can be deformed into the local unstable manifold in some Morse 
chart around Q o Sy, because of the following expression of the tangent space that 
is a direct consequence of our construction. Namely, 

r 

rQo,„A„ = 0j(tfc), 
fe=i 

where s~^{C) — {ti, . . . , t^} and J{tk) equals the vector space of continuous vector 
fields J along Qos„ such that J\[o,tk\ L-Jacobi field along QoSy and J\[t^,i] = 0. 
A direct computation or a look at the proof of the Index Theorem of Morse (cf. 
[Sak96| ) now shows that the projection of Tqqs^Av onto the tangent space at Qosy 
of the unstable manifold corresponding to some Morse chart is an isomorphism, that 
is to say locally around the critical point, A^, can be deformed into the unstable 
manifold of some Morse chart. In this case, if we denote by 7'l.j)(i>) the space 
'P{M,L X r]{v)), the following commutative diagramm 

^'^"^(^S^.^SW MVOSy})^ H^^-H^V,Ay \ {Q O Sy}) 

yields the claim if w G ^{L)^ is not a focal vector. Since for manifolds Cech 
cohomology is isomorphic to singular cohomology and v{L)^ is dense in v{L)^ we 
deduce, with the same arguments as in the proof of Proposition 2.7 in |TT97j . that 
the energy Eq : V{M,L x g) — >■ R is Z2-perfect for all points q that are not focal 
points of L. 

□ 

Remark 2.10. As we mentioned in the last section, for compact subsets {K,L) 
of a manifold P the Cech cohomolgy groups H^{K, L) are isomorphic to the direct 
limit 

Y,^{W{U,V)\{K,L) c {U,V)] 

where the limit is taken over open subsets {U,V) D {K,L). Therefore, one could 
also show directly that 

is nontrivial for all the spaces A.„ with v £ i^iL) \ C, because using the deformation 

11 II 2 1^ 

retraction of -P]|''^(^) onto the Morse complex one can assume that a neighborhood 
base of r/ o Sy in A^ is contained in some ball around the origin in R'^"-*. 
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As a direct consequence of the proof of Theorem 12.91 and the above remark, we 
obtain the fohowing fact, which was so far not even known in the case of a Euchdean 
space. 

Theorem 2.11. If a closed submanifold of a complete Riemannian manifold is taut 
with respect to some field, then it is also 'Z,2-taut. 

It is worth mentioning that although tautness is defined by means of perfect 
Morse functions an analogous statement for Morse functions is wrong. This indi- 
cates the high degree of geometry involved in this setting. 

Example. Consider the unit 3-sphere C with the Zp-action, generated by 

1 • {z,w) = {e J" z,e p w) 

withp and q relatively prime. The quotient S'^ jTLp is known as the lens space L(j), q) 
with fundamental group 7ri(L(p, q)) = Zp and Hk{L{p, q)', Zp) = Zp for A: = 0, 1, 2, 3. 
Now, the Morse-Bott function |zp is invariant under the Zp-action so it descends to 
a Morse-Bott function on L{p, q) with critical set corresponding to the two critical 
circles z = Q and ui = of index and index 2, respectively. One can perturb this 
Morse-Bott function in the neighborhoods of the critical submanifolds by adding 
a bump function depending on the distance to the respective submanifold times 
a (perfect) Morse function on the respective circle so that the indices add. This 
therefore results in a Zp-pcrfect Morse function on L{p,q). Now, if p is odd, we 
have H2{L{p, q); Z2) = 0, so that this Zp-perfect Morse function is not perfect with 
respect to Z2. In particular, there are no taut immersions of L{2k + l,q) into a 
Euclidean space. Indeed, Thorbergsson actually proved in [T§8 that there are no 
taut immersions of L{p, q) into a Euclidean space except the case of the projective 
space KP'^ = L(2, 1) by showing that the first nontrivial homology group can only 
have torsion elements of order two. 

3. Taut Foliations 

Even if there are not many examples of taut submanifolds, a remarkable obser- 
vation is that they often occur, if at all, in families, which then decompose the 
ambient space. In this section we therefore focus on taut families as they usually 
occur, namely on singular Riemannian foliations all of whose leaves are taut. For 
this reason, we first recall some basic facts about singular Riemannian foliations 
and make some preliminary observations which we need to prove our second result 
in Subsection 13.41 that characterizes taut singular Riemannian foliations by means 
of their quotients. 

3.1. Singular Riemannian Foliations and Orbifolds. For a more detailed dis- 
cussion on singular Riemannian foliations and the proofs of the following statements 
we refer to |Mol88j and [LTlOj . 

Definition 3.1. Let be a partition of a manifold into connected, injec- 

tively immersed submanifolds with maximal dimension n. For a point p G Af , let 
Lp denote the element of T which contains p. Set 

TF=[j TpLp. 
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Then the partition T is cahed a singular foliation of AI of dimension n/ codimension 
k iff the C°°(M)-module r{TJ') of smooth vector fields X tangential to J^, i.e. with 
Xp G TpLp for all p £ ill, exhaust TpLp for every p G M. We call the elements 
of J- leaves. A leaf is regular if it has dimension n, otherwise singular. A point 
belonging to a regular leaf is regular, otherwise singular. By Mq we denote the set 
of regular points and call it the regular stratum. If (M, g) is a Riemannian manifold, 
a singular foliation is called a singular Riemannian foliation if every geodesic in M 
which intersects one leaf orthogonally intersects every leaf it meets orthogonally. 

We sometimes also speak about a singular Riemannian foliation {M,T), or also 
(M, g,!F) if we want to abbreviate that is a singular Riemannian foliation on the 
Riemannian manifold M, or {M,g). 

Example. The set of orbits of an isometric Lie group action on a Riemannian mani- 
fold M is a singular Riemannian foliation, closed if and only if the group considered 
as a subgroup of the isometry group is closed. 

For d < n, denote by the subset of all points p G M with fixed leaf dimension 
dim(Lp) = n ~ d. Since the dimension of the leaves varies lower semi-continuously, 
the set lJ^,<^M„_d' = {p G A/|dim(Lp) < d} is closed. Further, Md is an embed- 
ded submanifold of M and the restriction of T to Md is a (regular) Riemannian 
foliation. The main stratum Mq is open, dense and connected if M is connected. 
All the other singular strata have codimension at least 2 in M. 

Let p be a point in {M,g,T) and let _B be a small open ball in Lp. Then there 
is a number £ > and a distinguished tubular neighborhood U at p so that U is 
the diffeomorphic image of the e-disc bundle v'^{B) under the exponential map and 
7r~^(g) is a global transversal of (C/, for all q € B, i.e. it meets all the leaves 
of J^\u and always transversally, where we denote by tt the foot point projection. 
In this case, for each real number A G [— 1, 1] \ {0} the map h\ : U ^ U, given by 
hx{exp{v)) = exp(Aw), for all v G ^^{B), preserves T. 

Indeed, the fact that the geodesies perpendicular to one leaf remain perpendic- 
ular to the leaves implies that the leaves of a singular Riemannian foliation are 
locally equidistant. 

Definition 3.2. We say that a singular Riemannian foliation (M, J^) has the 

property P if every leaf of has the property P, e.g. is closed if all the leaves 
are closed subspaces of M. 

It is well kown that the leaves of a closed singular Riemannian foliation J- on 
a complete Riemannian manifold M admit global e-tubes, so that the distance 
between two leaves is globally constant. In this case, the quotient M /F\s a complete 
metric space, where the distance between two points is just the distance between 
the corresponding leaves as submanifolds of M . 

Lemma 3.3. Let {M,J-) be a singular Riemannian foliation. Then a leaf L G J- 
is embedded if it is closed. 

Proof. Let r be the dimension of L. Then Mn-r is an embedded submanifold of M 
and J^|M„_r is a regular Riemannian foliation. Due to Molino (cf. p. 22 of [Mol88j ). 
the statement is true for (M„_r, J-"|M„_r)j so it is true for {M,T). □ 
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Again, let p G M be a point and let i? be a small open neighborhood in the leaf 
Lp through p. Then there is a distinguished tubular neighborhood U around p such 
that there is an embedding (f> oiU into the tangent spaces TpM with dcfyp = Id and a 
singular Riemannian foliation ^p on TpM , called infinitesimal singular Riemannian 
foliation of J- at the point p that coincides with (t>^J- on (/>([/) and such that ^p is 
invariant under the homotheties r\ : TpM — TpM, given by rx(v) = Xv, for all 
A 7^ 0. If is locally closed at p, the quotient TpM/^p is non-negatively curved in 
the sense of Alexandrov, and is the tangent space of U/ J- at the leaf LDU^U jT 
and the local quotient \J jT has curvature bounded below. The inclusion U ^ M 
induces a map between the quotients U / J- — > MjT , which is open and finite-to-one 
if T is closed. So, assume that T is closed and M is complete. Then the quotient 
MjT is a complete metric space with the metric induced by the distance of the 
leaves of J- (as submanifolds). Let T be a global e-tube around L, where e is 
chosen as in the definition of the distinguished neighborhood U above, then T is 
saturated, i.e. it is a union of leaves, and T jT is a neighborhood of L in the global 
quotient MjT. In this case, there is a finite group of isometrics F acting on the local 
quotient that fixes the plaque LV\U G such that U / F \s isometric to T/ T. 

A concept that is closely related to that of (Riemannian) foliations is the notion 
of (Riemannian) orbifolds. We therefore summarize the basic facts and defintions 
in a reminder and discuss orbifold coverings thereafter in more detail, because we 
will need this later on. 

Reminder. As a manifold is locally modeled on open sets U of W orbifolds are 
locally modeled on finite quotients JZ/G, where G C Diff([/) is a finite group. Thus 
an orbifold (i3,il) is a Hausdorff topological space B together with a maximal orb- 
ifold atlas il consisting of compatible orbifolds charts {U,G,ip), i.e. the mapping 
(/?:[/—?> -B induces a homeomorphism U/G = (p{U) with ip{U) open. The compat- 
ibility condition just means that the transition maps (C/i, Gi, — ^ (t^2, G2, </32) 
commute with the respective projections. In this case there is (up to isomorphism) 
a well defined notion of isotropy group for the points in B as the isotropy group 
of any preimage point in an arbitrary chart. The points in B with trivial isotropy 
group are called regular otherwise singular. If in addition i? is a metric space and 
there is a Riemannian metric on the Ui such that Gi C lso{Ui) and the homeo- 
morphisms Ui/Gi — ipi{Ui) are isometric, then B is called a Riemannian orbifold. 
Because the terms of Riemannian geometry are defined locally and are invariant 
under isometrics, there is an obvious way to generalize the notions of Riemannian 
geometry to Riemannian orbifolds as they are locally isometric to finite quotients. 
See |LT10j for a more detailed discussion. 

Definition 3.4. A covering orbifold of an orbifold {B,ii) is an orbifold {B,ii), with 
a map P : B ^ B between the underlying spaces such that each point b ^ B has a 
neighborhood V = U/G for which each component Vi of P~^{V) is isomorphic to 
U/Gi for some subgroup Gi C G and such that the isomorphisms commute with 
the projection P. 

It is well known that any orbifold admits a universal orbifold covering, that is 
to say for a regular base point bo € B, there exists a pointed connected covering 
orbifold P : B ^ B with base point bo projecting to 60 such that for any other 
covering orbifold P' : B' ^ B with base point b'^ and -P'(^o) = ^0, there is a lift 
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Q : B B' oi P along P' to an orbifold covering. In particular, a universal orbifold 
covering is regular in the sense that its group of deck transformations acts simply 
transitive on a generic fiber. This group is denoted by ir"^^ and is called the orbifold 
fundamental group. 

Definition 3.5. An orbifold is called good if it is a global quotient or, equivalently, 
if the universal covering orbifold is a manifold, i.e. there are no singular points. 

In the case of a Riemannian orbifold all the definitions arc to be modified in the 
obvious manner, so that we can speak about Riemannian orbifold coverings and 
good Riemannian orbifolds. Of course, the statement about the universal orbifold 
covering also holds in the Riemannian category. 

Example. Again let be a Riemannian manifold and let F be a discrete group of 
isometrics of A^. If A^ denotes the universal covering of A^, then A^ is the universal 
Riemannian covering orbifold of N/T. This can be seen, for instance, by the obser- 
vation that every covering orbifold of N/T has to be of the form N /T' , where F' is 
a subgroup of the group F of deck transformations of A^ over N/T. Hence the two 
definitions of a good orbifold are indeed equivalent. 

Because we will use it in the following, we will formulate the next observation 
as a lemma. 

Lemma 3.6. Let T be a closed (regular) Riemannian foliation on a complete Rie- 
mannian manifold M and let T denote its lift to the universal Riemannian covering 
M of M . Then the quotient M/J- is a complete Riemannian manifold, i.e. J- is 
simple, if M /T is a good Riemannian orbifold. In particular, the orbifold covering 
M /J- M/J- coincides with the universal Riemannian orbifold covering. 

Proof. Since is closed its lift is closed too (cf. Lemma [3. 8p . and the leaves of 
J" admit global e-tubes, because M is complete. Due to |Hae88| or |Sal88| . there 
is a surjective homomorphism tti{M) — > [M / !F) , where the latter group is the 
group of deck transformations of the universal orbifold covering of M / F. Now, if 
M/jF is a good Riemannian orbifold, its branched cover M/J^ is a good Riemannian 
orbifold, too. But then 'n1^''^{M/F) = 1 implies that M/F already coincide with 
its universal covering orbifold and is therefore a manifold. □ 

3.2. Simplifications and Preliminaries. In this section we give some prelimi- 
nary results to simplify the discussion of taut foliations, e.g. we will see that one 
can always assume that the manifold is simply connected (cf. Lemma 13. lip and 
that a dense family of leaves forces a foliation to be taut (cf. Corollarv l3.16p . 

Definition 3.7. Let J- be singular Riemannian foliation on a complete Riemannian 
manifold M . If F is closed, we call F taut if every leaf of F is taut. 

Note that if F is closed, then by Lemma 13.31 all the leaves are embedded sub- 
manifolds. Further, if F is the trivial foliation given by the points of M and F is 
taut, then, as already defined in Section [2.11 we call M pointwise taut. 

In order to prove tautness of a foliation, one can always assume that M is simply 
connected. To see this, we first need the closeness property of lifts. 
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Lemma 3.8. Let J- be closed and let t: : N M be a covering map. Then the lift 
J- of J- given by the involutive singular distribution TJ- — tt*(TJ-) is closed. 

Remark 3.9. Note that the converse is false, as one can see by the dense torus 
fohation induced by the submersion / : M, (x, y) i— > y — Xx, where A is 

irrational. 

Proof. For every leaf L of the preimage 7r~^(L) = IJ^ Li is a union of leaves of J-' 
and the restriction tt\j^ : Li ~> L is a covering projection for each i. Thus each leaf 

i G J-" is a connected component of the closed saturated set tt^^{tt{L)) and hence 
closed. □ 

Assume that / : — > M is a Riemannian submersion between complete Rie- 
mannian manifolds and L C M is a closed submanifold. Then, by [He60 , the map 
/ : iV ^> Af is a locally trivial fiber bundle and therefore, for any point q G f^^{q), 
the spaces V{N, f~^{L) x q) and V{M,L x q) are homotopy equivalent. Since / 
yields a 1:1 correspondece between the critical points and preserves their indices 
(cf. Lemma 6.1 in [HLO06) ). we obtain 

Lemma 3.10. If f : N ~> M is a Riemannian submersion between complete 
Riemannian manifolds and L C M is a closed submanifold, then L is taut if and 
only if f~^(L) is taut. 

Now, since the homology of a path connected component injects in the homol- 
ogy of the whole space, it is not hard to see that a union of connected, closed 
submanifolds is taut if and only if its components are taut. So that we deduce 

Lemma 3.11. Let tt : N ^ M be a Riemannian covering and let M be complete. 
If J- is closed, then J- is ¥-taut if and only if the lift J- of J- to N is ¥-taut. 

Given a closed singular Riemannian foliation 7^ on a complete Riemannian man- 
ifold M, every leaf posses a global e-tube. For a regular leaf L with such a global 
tube, the restriction of the foot point projection on a nearby regular leaf induces a 
finite covering map onto L. We say that L has trivial holonomy if all these coverings 
are diffeomorphisms. It is well known that the set of regular points whose leaves 
have trivial holonomy is open and dense in M . 

In particular, all regular leaves of T have trivial holonomy, that is to say that the 
quotient M^/J- is a Riemannian manifold, if the foliation is taut and M is simply 
connected. To see this, for p,q € M, let V,p^q{M) denote the space of all paths from 
p to q. Then r2p^g(M) ~ n,q^q{M) and the long exact sequence of the path space 
fibration gives TTi{M) = TTi-i{ilq,q{M)), what implies that i7p^g(Af) is connected. 

The fibration V{M,L x q) ^ L given by c H> c(0) gives the below part of the 
corresponding long exact homotopy sequence 

TToinqjM)) -> Tro{V{M,Lx q)) ^ 7ro(L) ^ 1. 

Thus V{M, L X q) is connected. Now a leaf with nontrivial holonomy would yield 
at least two local minima for the energy on the path space of a neighboring generic 
leaf, i.e. a leaf without holonomy. By tautness, all the maps in homology are 
injective what clearly contradicts our connectedness observation. 

We are now able to state a characterisation of taut regular foliations, that indeed 
also follows from our second main result, Theorem 13.201 below. For the notion of 
Riemannian orbifolds see Section |32I 
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Lemma 3.12. Let T be a closed (regular) Riemannian foliation on a complete 
Riemannian manifold M . Then T is ¥-taut if and only if the quotient M j T is a 
good Riemannian orbifold with a pointwise ¥-taut universal covering orbifold, i.e. 
M I T is isometric to N/T with a simply connected Riemannian manifold N all of 
whose points are F^taut and T C Iso(N) is a discrete subgroup of isometrics. 

Proof. Let T denote the lift of F to the universal cover M of M . Then, by Lemma 
13.111 F is taut if and only if J" is taut. By the discussion above, if F is taut, 
then it is simple, i.e. given by the fibers of a Riemannian submersion. So if F is 
taut, the quotient map M — )• M/J^ is a Riemannian submersion between complete 
Riemannian manifolds and M / F is 1-connected by the exact sequence for fibrations. 
Li this case, the map M / F ^ M / F coincide with the universal orbifold covering. 
On the other hand, assume that M / F is a good Riemannian orbifold. Then, due 
to Lemma 13.61 is simple, that is to say M /F is a Riemannian manifold and we 
can reduce the problem to Lemma 13.101 

□ 

Remark 3.13. At the end of Section [33] we prove the corresponding statement 
for the class of foliations whose quotients are orbifolds and coefficients in 1,2 ■ 

We end this section with some genericity results. 

Lemma 3.14. Let F be closed. Then L E F is ¥-taut if and only if the energy 
functional Eq : 'P{M, L x q) is an ¥-perfect Morse function for all non L-focal 
regular points q G M . Further, F is ¥-taut if and only if all regular leaves are 
¥-taut. 

Proof. Since the set of non-focal points of L as well as the set of regular points 
is open and dense in M, every neighborhood of a given point q contains a regular 
point that is not a focal point. Therefore, the same argument as in the proof of 
Proposition 2.7 in |TT97| yields the first claim. 

For the second claim, assume that all regular leaves are F-taut. Let iV be a 
singular leaf and let q £ M be not a focal point of N. By our above observations, 
we can assume that the point q is regular. Let 7 be a critical point of . Then 
7(0) is a regular vector of ^■^(o), hence there exists an e > such that L — 
is a regular leaf contained in a global tube of N and the point q is not a focal 
point of L. Denote by 7 the restriction 7|[£,i] after linear reparameterization on 
[0,1]. Then the horizontal geodesic 7 is a critical point of the perfect Morse function 
Ejj' : V{M, Lxq) — > M. Now let i = ind(7) be the index of the geodesic 7 and denote 
by K = £'^(7) its energy. By notational reasons let us set = (E^^ )~^([0, c]), resp. 
7V= = {E^y^{[0,c]). Denote by e H.iC^) the completion of the local unstable 
manifold representing a nontrivial cycle in Hi{C'^,C'^ \ {7}) associated to 7. We 
then have ind(7) = ind(7) for small numbers e, by continuity reasons. 

The restriction of the foot point projection R : L ^ N, {p,v) 1-^ p, induces a 
map 

R: C'' ^ A/-<(-^) 
c ^ c 

where c is the curve that one gets by concatenation of the unique horizontal geodesic 
from i?(c(0)) to c(0) with c followed by reparameterization between and 1 and the 
map R maps level sets to level sets. Moreover, R is clearly an immersion. Therefore, 
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i?*(c7) is a cycle in N^i that can be deformed within a morse chart around 7 into 
a cycle z that agrees with the unstable manifold at 7 above the £^^-level (7) — 5 
for small 5. It follows that the homology class of z and thus the homology class 
Rt:{a) is mapped onto a generator of Hi[M^i ^'^\Af^i ^''^ \ {7}). Since the critical 
point 7 was chosen arbitrary, every local unstable manifold can be completed to a 
cycle in (AA<(^)+^), i.e. the map Hn{Af^+^) ^ Hn{Af^+^ ,Af^-^) is surjective 
for all n and regular values X±S. Hence N is F-taut. □ 

Our last observation in this section is that a foliation !F is F-taut if and only if 
a dense family of regular leaves is F-taut, where we call a family of leaves dense 
if their union is a dense set. The next lemma shows that tautness is a closed 
property relative to non-collapsing convergence. It is then straight forward to see 
that tautness of a dense family of regular leaves forces a foliation to be taut. 

Lemma 3.15. Let T he a closed singular Riemannian foliation on a complete 

manifold M and let {Ln} be a sequence of ¥-taut regular leaves converging to a 
regular leaf L without holonomy, i.e. for every tubular neighborhood T of L there 
is a number no € N such that Ln C T and the canonical projection it : T ^ L 
restricted to Ln is a diffeomorphism for every n > no • Then L is ¥-taut. 

Proof. Let T be a tubular neighborhood of L and let tt : T — > L be the canonical 
projection. Choose a number r?,o G N so large that Ln C T for all n > hq. Now let 
q € M he not a focal point of L. Then for large n, the point q is not a focal point of 
Ln as well. By /„ : V{M, Lxq)^ V{M, LnXq),gn: V{M, LnXq)^ V{M, Lxq) 
respectively, we denote the induced maps between the path spaces which one gets by 
assigning to a curve c the curve 7c(o) • c and then reparameterizing it between and 
1, where 7^(0) is the unique shortest geodesic between L„ and L that intersects L 
in c(0), resp. 7c(o) is the unique shortest geodesic between L and L„ that intersects 
Ln in c(0). Then /„ is in an obvious way a homotopy equivalence with homotopy 
inverse 

Let 7 be a critical point of with k = E^(j). We can choose n so large, i.e. a 
tube T so small, that there is an e > such that (k — Se, k + 3e) \ {«} contains only 
regular values and gof{P'^-^^) c P'^~^ with f = fn,g = gn and P'' = V{M, L x qY 
and defined analogous. Moreover, we can deform go f : P«-2e pn-e Jj^^q ^j^g 
inclusion j : P'^-^e ^ pn-e below the K-level of E^ , i.e. 

(5°/)*=i*: H^P-^') ^ H^P-'). 

Since P'^-^e jg strong deformation retract of P'*-'' for all 2e > (5 > 0, the above 
map is an isomorphism. In particular, the induced map in homology 

f. : H^P^-^-) ^ H^Pf:) 

with a = max{E^"{f{c)) : c G {E^)~'''{k - 2e)} is injective. 

Denote by i = ind(7) the index and set a = max{_E^"(/(c)) : c £ (P^)^^(fi;)}. 
Now consider the commutative diagramm which comes from the long exact se- 
quence for pairs of spaces together with the natural behavior of the connecting 
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homomorphism 



/- 



f. 



a. 



Since i„ is taut, we have 9* 



0. So 



/, o a, = 9, o = 0. 
As we have seen, the map /* : i?*(P''^^^) H^{P^) is injective. But this means 



Now assume under the assumptions of Lemma |3 . 1 51 that all L„ are regular leaves 
without holonomy and that L is an exceptional leaf, i.e. has nontrivial holonomy. 
Due to Lemma 13.111 we can assume that M is simply connected. Then for large n, 
the leaf L would provide at least two local minima for L„. Again, by tautness of 
L„, the path space corresponding to L„ would be disconnected. But this is clearly a 
contradiction, since M is simply connected. So, L necessarily has trivial holonomy. 
Thus combining Lemma |3. 11 [ Lemma |3.14[ and Lemma 13.151 together with the fact 
that the set of regular leaves without holonomy is open and dense in M/J-, we have 

Corollary 3.16. The closed singular Riemannian foliation J- is ¥-taut if and only 
if a dense family of leaves is ¥-taut. 

3.3. Index Splitting for Horizontal Geodesies. In this section we summarize 
some observations on the focal indices of horizontal geodesies in a singular Rie- 
mannian foliation {M,T). We will see that the focal data of the space of normal 
L.y((j)-Jacobi fields along a regular horizontal geodesic 7 : [a,b] M are of two 
types. Namely, for t G (a,h), there is a vertical multiplicity dim(J^) — dim(L-y(()) 
that counts the intersections with the singular stratum, and a horizontal multiplic- 
ity that is, roughly speaking, the multiplicity of ^(t) as a conjugate point of 7(0) in 
the quotient M/F along the projection of 7. We refer to [EMI, |LT10j and |Wil07| 
for the proofs and a more detailed discussion of the following facts. Our summary 
is referred to |LT10] . 

If is a singular Riemannian foliation on a Riemannian manifold (M, g) we call 
a geodesic 7 horizontal if it meets one leaf of J-", and hence all the leaves it meets, 
perpendicularly. We will call such a geodesic 7 : [a, 6] -> M regular, if the endpoints 
lie on regular leaves of J^. 

A regular horizontal geodesic intersects the singular set M \ Mq of F only in 
finitely many points a < ti < ■ ■ ■ < tr < b (sec Cor. 4. 6 in |LT10| ) and the number 



9* = 0, i.e. L is taut. 



□ 



r 



c{l) = ^dim(L^(„)) - dim(L^(t^)) 



is called the crossing number of 7. 
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Definition 3.17. Let 7 : [a, &] M be a horizontal geodesic. A Jacobi field J 
along 7 is called an Jacobi field if it is the variational vector field of a variation 
through horizontal geodesies starting on the same leaf as 7. It is called an J--vertical 
Jacobi field if it satisfies J{t) e T^^j-jL^^j-) for all t. 

For a geodesic 7 : [a, 6] ^ M the space Jac of all normal Jacobi fields along 7 is 
a symplectic vector space with its canonical symplectic form 

C^(Jl, J2) = (VJi, J2) + (Jl,VJ2). 

Now let (M, J^, be a singular Riemannian foliation and let 7 : [a, &] — >■ M be a 
horizontal geodesic. To arrange the dependence of A^^t"' on the starting point of the 
geodesic consider the isotropic space consisting of all Jacobi fields along 7 with 
the property that these fields are variational fields through horizontal geodesies that 
intersect the same leaves simultaneously, i.e. of variations 7^ with 7s (t) € ■^7(4) for 
all t. It is shown in [LTlOj that W^it) = { J(t) | J e W^} coincides with T^(^t)Lj(t), 
for all t and by definition we have c A^"*'") . The space is exactly the space 
of all J"- vertical Jacobi fields along 7 and does not depend on the starting point. We 
have dim(VF''') = max^g^^^ ;,]{dim(L^(())} and we denote this number by 1^(7). The 
W^-focal points along 7 are precisely the points 7(t), where 7 crosses the singular 
strata, i.e. when dim(L^(t)) < ^(7), and the ly'-focal index of j{t) 

dim({J e WlJit) = 0}) 

is equal to ^(7) — dim(L-j,(t)). In particular, for a regular horizontal geodesic 7 its 
crossing number 0(7) coincides with the index ind 14/7(7). 

For notational convenience set L — ^^(a) and W — W . It follows from the 
observation of Wilking in |Wil07| that the extension of 14^, given by 

W{t) = W{t) © {V J(t) \J^W, J{t) = 0} , 

defines a smooth subbundle of the normal bundle TV of 7. Of course, W coincides 
with W along the regular part of 7. Using the identification of N/W with the 
orthogonal complement H oiW m N, there is a smooth map A : W ^ H, defined 
by A{J{t)) = P(VJ(t)) and A(VJ(t)) = if J{t) = 0, where P denotes the 
orthogonal projection. Let i? : TV — TV denote the curvature endoniorphisni, given 
by R{X) = R{X, 7)7 and consider the induced family of symmetric endomorphisms 
: H ^ H, defined by 

R"{Y) = P(i?(r)) + 3AA*{Y). 

Then the (more general) work of Wilking on the transversal Jacobi equation in 
[WilOT] shows that the i?^-Jacobi fields, i.e. solutions of {V^fJ + R" [J) = 0, 
where V^( J) = PiV J) denotes the induced covariant derivative on i7, are precisely 
the projections of the Jacobi fields in the symplectic orthogonal complement of W . 
In particular, since the space A^ is Lagrangian and contains W , one obtains the 
next lemma (cf. [L09) and |LT10) ). 

Lemma 3.18. //, for an isotropic subspace V C Jac, we denote by 
indy(7) = {dim{V) - dim({ J G V\J{t) = 0})) 

te[a,b] 

the V -focal index of 7, we have the equality 

indH/(7) + indAi./w(7) = indAi,(7). 
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Further, the index indj^L /wil) 0.1^ intrinsic datum of the quotient AI/J-. 

By the latter statement we mean the fohowing. Assume that two singular 
Riemannian foliations {Mi,J-i),i — 1,2, have isometric quotients and identify 
MijTi = M2/J-2 via an isometry. Then for any two horizontal geodesies which 
start in the respective regular part and have the same projection to the quotient, 
their horizontal indices coincide. This follows from the fact that their transversal 
Jacobi equations coincide outside a set of isolated points. Of course, this observa- 
tion is valid if one only requires neighborhoods of the projections in the respective 
quotients to be isometric. 

Definition 3.19. For a horizontal geodesic 7, we call uvdf^L /^/in) the horizontal 
index of ^ and hidwil) the vertical index ofj. 

Example. In the case of a Riemannian submersion f : M ^ M/T, the horizontal 
geodesies are the horizontal lifts of geodesies in M jT and the space of such a 
horizontal geodesic is exactly the space of variational vector fields corresponding to 
variations through horizontal lifts of / o 7. In this case, the vertical index is zero, 
as it counts the intersections with singular leaves, and the term AA* in the above 
equation is just the O'Neill tensor, so that the indices of 7 and / o 7 coincide. 

3.4. A Property of the Quotient. Dealing with singular Riemannian foliations 
one focuses mainly on the horizontal geometry of the foliation, that is to say the 
geometry of the quotient. For this reason, one is often interested in geometric 
properties of the foliation that can be read off the quotient and to consider equiv- 
alence classes of foliations by means of isometric quotients. An example of such 
a quotient property is infinitesimal polarity (cf. jLTlOj ) what is equivalent to the 
property that the quotients are Riemannian orbifolds. Our second main result now 
states that tautness of a foliation is actually also a property of the quotient, so that 
one can speak about equivalence classes of taut foliations by means of their leaf 
spaces. 

Theorem 3.20. Let J- and J-' be closed singular Riemannian foliations on complete 
Riemannian manifolds M and M' with isometric quotients. Then J- is taut if and 
only J-' is taut. In particular, if one of them is ¥-taut, then both are 7i2-tO'Ut. 

Before we begin with the proof of the theorem let us discuss and apply this result 
in the context of the known examples. 

If M = S''^ is the round sphere and J- is the trivial foliation by points, there 
is a well known cycle construction for critical points of the energy functional (cf. 
p. 95-96 of [Ml63 ) which shows that S'' is pointwise taut. Terng and Thorbergsson 
proved in |iTT97j that the standard metric on the sphere is the only one with respect 
to which the sphere is pointwise taut. 

Now consider the more general case MjT = N/T, where iV is a symmetric space. 
In their study of Morse theory of symmetric spaces, Bott and Samelson came up 
with concrete cycles which represent a basis in Z2-homology of generic path spaces 
V{N,p X q) and which are in fact compact connected manifolds (see jBS58| ) and 
coincide with those cycles we constructed in Theorem l2.9l In particular, symmetric 
spaces are pointwise taut . Therefore, the foliation on M has to be taut by 
Theorem 13.201 Of course, one could allow an additional constant direction of non- 
positive curvature in the quotient, because under this assumption there are no focal 
points in this direction. 
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We want to emphasize that the fohowing corollary covers all known examples. 

Corollary 3.21. If J- is a closed singular Riemannian foliation on a complete 
Riemannian manifold M and MjT = {N x P) /T is a good Riemannian orbifold, 
where N is a symmetric space and P is a non-positively curved manifold, then T 
is taut. 

Another application of Theorem 13.201 are foliations admitting generalized sec- 
tions. 

Example. Let M be a complete Riemannian manifold with an isometric action 
of a compact Lie group G. In |GOT04| the authors developed the concept of a 
generalized section for such an action. They call a connected, complete submanifold 
I] of M a k-section if the following hold: 

• S is totally geodesic; 

• S intersects all orbits; 

• for every G- regular point p e S the tangent space T^E contains the normal 
space Vp(G(p)) as a subspace of codimension fc; 

• if p S S is a G-regular point with g{p) G S for some g & G then ^(S) = S. 
Generalized sections are also called fat sections and the copolarity of (G, M) is 
defined by copol(G, M) = min{fc G N| there is a fc-section E C M} and measures, 
roughly speaking, how far the action is from being polar, i.e. admitting a 0-section. 
If I] is a fat section, then it is shown in jMaOSj that there is the fat Weyl group 
W{^) = A^g(S)/Zg(S) that acts on E with G(p)nE = W{E){p) if p G E, inducing 
an isometry between the quotients E/VF(E) = M/G. We therefore deduce that 
(E, J^^) is taut if and only if (M, is taut. 

Before we start with the proof of Theorem l3.201 we now state a preparing lemma 
that says that focal points caused by singular leaves do not provide any difficulties 
when dealing with tautness. This fact was already discussed in jNoOSj . 

Lemma 3.22. Let J- he a closed singular Riemannian foliation on a complete Rie- 
mannian manifold M and let L G T be a regular leaf. For every broken horizontal 
geodesic c : [0, 1] — M from L to a point q G M that intersects the singular stra- 
tum discretely, let A(c) denote the space of broken horizontal geodesies in the path 
space V{M, L x q) which have the same projection to the quotient M/ J- as c. Then 
A(c) carries a smooth structure of a compact (possibly non- connected) manifold of 
dimension X]iG[o i] dim(J^) — dim(Lc(t)) such that the inclusion into the path space 
V{M, L X q) becomes an embedding. 

Proof. Given a leaf i G let v^{L) be a global e-tube of L. Then the pull back of 
J- by the normal exponential map is invariant under the homotheties r\ (v) — Xv for 
all A G [—1, 1] \ {0}, so that there is a unique singular foliation G{L) that extends 
the pull back to i^iL) satisfying this property. The singular foliation G{L) is closed 
if is closed and it is shown in Section 4 of |LT10j that v,w G v{L) are in the same 
leaf of Q{L) iff 7^1 (i) G ^71,(4) where as usual 7^, is the unique geodesic 

with 7t,(0) — V. Let F be a small open neighborhood of v in the leaf of Q{L) 
through V. Then the vector space of variational vector fields of variations through 
geodesies 7^, with w G V coincides with the space W^^ of J^-vertical Jacobi fields 
along 7„, as defined in the last section. Due to jLTlOj . one has 

W^it) = {J{t)\J G W^} = T^„(t)L^„(t), 
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and wc deduce that the map rjt : Cv ^ -^7„(t)j given by rit{w) — exp(tw) ~ ^w{t), is 
a submciision for all t, which is surjective if T is closed. In this case, all the preim- 
ages %^{p) are compact submanifolds of of dimension dim(£^) — dim(L^^(j)). 
In particular, if i is a regular leaf, the dimension of such a preimage equals the 
difference dim(J') — dim(i^^(t)). 

We will now describe the compact set A(c) as the total space of an iterated 
bundle. Since the general case requires no new ideas, but only some more notation, 
we will assume for the rest of the proof that c as in the claim is smooth. So let L & J" 
be a regular leaf and let 7 = 71, be a horizontal geodesic from i to a point q G M. 
Let ^~^{M\Mo) = {ti}i=i^,,,,r with < < • • • < < 1 denote the times where 7 
crosses the singular stratum and set Li = L^(^ti) a-nd Vi = dim(J^) — dim(_Li). Note 
that if g is a regular point, the vertical index of 7 is given by v(-j) = ^i- With 

the notation from above, let rji : Cy ^ Li be the surjective submersion defined 
by Tjiiw) = exp(tiw). Starting with the furthermost singular leaf, we now define 
Vi = ryj" (7(^1)) C Cy and identify this space with the subspace 

Ai = {cyj e A(7)|c„,|[o,ti] = 7«>l[o,ti] for w e Vi and c^|[ti,i] = 7l[tia]} 

of A(7) of (at most) once broken geodesies in the obvious way, i.e. hy w 1— >■ c„,. 
With this identification Ai inherits a smooth structure which turns it into an em- 
bedded submanifold of V{M, L x q) oi dimension Vi. 

At the second step we define V2 to be the twisted product 

jCv Xti Vi = {{w2,wi) € Cv X Vi\r]2{w2) = exp{t2Wi)} , 

which can be identified with the subspace A2 of A (7) that consists of all (at most) 
twice broken horizontal geodesies cj^^.^ t^.^) with C(^w2,wi)\lo,t2] — 7™2l[o,t2] ^'^^ some 
element W2 G Cy and C(^yj2,wi)\[t2,i] — '^wi\[t2,i] for some wi G Vi. With the induced 
smooth structure A2 becomes a submanifold of V{M, L x q) with 

dim(A2) = dim(>C^) + dim(Vi) — dim(Z/2) = ^2 + Vi. 

Note that all we need to ensure that A2 is a submanifold is the fact that the map 
r]2 ■ jCy ^ L2 is a submersion, so that £y x Vi ^ L2 x L2 is transversal to the 
diagonal in L2 x L2 • 

Now assume that for some r — 1 > j > 1 we already have defined Vj as a subman- 
ifold of dimension ^^1=1 ''^i of the j-fold product £j together with an identification 
Vj = Aj given by {wj, . . . ,w\) i->- C{^u]j,...,wi)- Then we inductively define l^+i and 
Aj+i as follows. Set V^+i = Cy x^Vj, where again the twisted product is defined 
by 

Cy XrjVj = {{wj+i,Wj,...,wi) e Cy X Vj\rij+i{wj+i) = exp(tj+iWj)} , 
which is therefore a submanifold of of dimension 

dim(yj_l_i) = dim(£„) + dim(y,) — dim(Lj_|_i) 

j+i 
= IZ^'- 

i=l 



30 STEPHAN WIESENDORF 



Finally, define Aj+i to be the subspace of A(7) consisting of all (at most) (j + l)- 
fold broken horizontal geodesies C(u,^^j^u,^^...^„j) such that 

C{w,+i,w,,...,wr)\[o,t,+i] = 7to,+il[o,t,+i] for some Wj+i £ and 

C{wj+t.wj,....wi)\[t,+i,i] ^ C(^w,....,wi)\[tj+i.i] for some {wj,...,wi) GVj. 

By construction, it is clear that there is a 1:1 correspondence between (j + 1)- 
tupels (wj+i, . . . , wi) € Vj+i and paths C(^j^j ^^j^) S ^j+i- Moreover, the 
identification Aj+i ^ V,+i (as manifolds) via (wj+i ,Wj, . . . , wi) M- c^yj.^^^w.^,,,^^^-^ 

turns Aj+i into a compact submanifold of V{M,L x q) of dimension X]i=i '^i- 
In particular, this defines a smooth structure for A^ = A(7) with the desired 
properties. □ 

Remark 3.23. The assumptions in Lemma r3.22l are adapted to our setting, but the 
conclusion also holds if the foliation is not closed, or the manifold is not complete. 
For this fact, because being a manifold is a local property, one only has to localize 
the arguments given in the proof of the lemma. Further, if c = 7 is smooth, let 
denotes the space of J"-vertical Jacobi fields along 7 (see Section 13.31) and 
let < • • • < tr be the ly'-focal times along 7. Define to be the space of 
continuous vector fields J along 7 such that J|[o,ti] G W^''^|[o.ti] and J vanishes on 
[ti, 1]. Then by our description in the proof of the lemma, we conclude that the 
tangent space of A (7) at 7 is given by 

r,A(7) = 0w,^. 

i=l 

As a consequence of Lemma l3.22l using the same notation we reprove the mentioned 
special case. 

Corollary 3.24. If there are no horizontal conjugate points, i.e. conjugate points 
for the transversal Jacobi equation, along the horizontal geodesic 7 and 7(1) is not 
a focal point of Lj(^q^, then 7 is of linking type (for Ej(^i^) with respect to Z2. 

Proof. By Lemma [3.221 there is a compact manifold A (7) through every regular 
horizontal geodesic 7 consisting of broken horizontal geodesies, all having the same 
length as 7, and dim(A(7)) coincides with the vertical index ^(7). But by assump- 
tion, the index of 7 is just the vertical index. Moreover, the satement about T-y A(7) 
and the discussion at the end of the proof of Theorem 12.91 ensures that if we look 
at a finite dimensional approximation of the path space, A (7) is transversal to the 
ascending cell in a Morse chart around 7, so that A (7) can be deformed into the 
descending cell, hence defines a linking cycle for 7. □ 

Proof of Theorem \3.2(A Let us briefly sketch the idea of the proof. For [M. !F) and 
{M',F') as in the claim let us identify B ~ MjT = M' jT' via an isometry and 
consider the following diagram 

M M' 




Now assume that T is taut. In order to prove that T' is taut it suffices to prove 
that the normal exponential map of a generic leaf of J-' has integrable fibers, by 
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Theorem 12.91 and our genericity results from Section [Ql Let therefore L' G F' be 
a regular leaf without holonomy. In this case, the leaf L = Q^^{Q' [L')) e J" is a 
regular leaf without holonomy, too, and its normal exponential map has integrable 
fibers, by assumption. For v G let A„ denote the connected component of 

the fiber through v that contains v and identify it with the manifold of horizontal 
geodesies from L to exp(w) which have initial velocity in A^,. Now, given a vector 
v' G J^(i') with the same projection to B as v, we push A„ down to B and lift 
it to M' along Q' to obtain a space A^, of horizontal geodesies that start in L' 
and end in exp(w'). The observation that the map A^, v{L') which assigns to a 
horizontal geodesic its starting direction provides an integral manifold of the kernel 
distribution of the normal exponential map of L' through v' then finishes the proof. 

Having sketched the proof, let us now work out the details. Given a point p G M, 
the infinitesimal foliation splits as a product foliation — TpLp x on the 
tangent space TpM — TpLp x Vp(Lp) so that we have TpM/^p = Vp{Lp) /^^, which 
is the tangent space to a local quotient U / J- at L n C/, where J7 is a distinguished 
neighborhood of p. The map U jT MjT ^ induced by the inclusion U A/, is a 
finite-to-one open map, given by the quotient map of the action of a finite group F of 
isometrics, onto a neighborhood / F of Lp, where is a global e-tube around Lp 
with the same e as in the definition of the distinguished neighborhood U (cf. Section 
13. ip . Identifying v'^{Lp) = via the normal exponential map, we see that we can 
identify the tangent space T^^B of B at Lp with (i'p(Lp)/3^^)/F. We therefore 
define the differential dQp : TpM Tqi^p)B of the projection Q : M B a.t the 
point p to be the composition of projections TpM — > Vp{Lp) — > {vp{Lp) /^^) /T and 
write : TM — > TB for the induced map, i.e. = c?(5p(^,)(u). We use the 

analogous notations for Q' : M' B. 

Since orbifold geodesies coincide if they coincide initially, we deduce from the 
fact that the set of J^-horizontal vectors v in TM with the property that Q o is 
completely contained in the open and dense orbifold part of B has full measure in 
the subset of all horizontal vectors (cf. jLTlOj ) that given an J^- horizontal vector 
V and an J^'-horizontal vector v' with the same projection, i.e. (3*(w) — Q'^(w'), we 
have Q o 7„(i) = Q' o 7„'(i) for all < G M. 

Now take a regular leaf L E F and recall that in this case the foliation Q{L) on 
v{L) from the proof of Lemma 13.221 is a regular foliation with closed leaves such 
that the intersection of every leaf C G G{L) with any normal space Vp{L) is finite. 
Further, as explained there, for every normal vector v G v{L) the restriction of the 
normal exponential map to the leaf Cy induces a submersion rjy : Cy —> L^^(i), so 
that all the fibers rj~^{q) for q G ^7^(1) are (unions of) compact submanifolds of 
dimension dim(J-") — dim(L^^(i)), since the normal exponential map is proper. In 
this case, the smooth map ri~^{q) — )■ i'q(L^^(i)), given hy w itui^), defines a 
smooth identification of the connected component of ri~^{q) that contains w with 
the regular leaf ■^^^(i) of through 7«,(1) G i'q(L-y^(i)), where w G r]y^{q) is any 
preimage of q. Moreover, due to the fact that a regular horizontal geodesic inter- 
sects the singular stratum discretely, we see that for v G I'iL) and a horizontal 
geodesic 7^, : [0, 1] — !• M' with Q o jy = Q' o 7^, their horizontal indices coincide, 
because the corresponding transversal Jacobi equations coincide along the regular 
parts. That is to say, the kernel ker(((iexp]{;^)„) of the differential of the normal 
exponential map in v contains the subspace TyCy C Tyv{L) and the dimension 
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of kcr{{dex-pj^j)v) /TvCv is independent of the foliation, or to be more precise, an 
intrinsic datum of the quotient. 

We now finish the proof as foUows. Assume that J- is taut. Combining Lemma 
13. 161 and the proof of Theorem l2.91 it remains to prove that for generic leaves L' of 
J-' the normal exponential map exp^jy, : i^(L') — M' has integrable fibers. Thus we 
can restrict our attention to a regular leaf L' G T' without holonomy, i.e. Q'{L') is a 
manifold point of B and the restriction of Q' to a tubular neighborhood of L' defines 
a Riemannian submersion. In particular, in this case the leaf L = Q~^{Q' (L')) G T 
is a regular leaf without holonomy, too. Let v' € v[L') be a horizontal vector and 
let us set g' — 7t,'(l). Choose an J^-horizontal vector v G vij-i) with Q^iv) = Q'^,{v') 
and set q = 7t,(l). Then, by construction, Q o — Q' o and 

dim(ker((dexp]:f,)„.)) - (dim(J"') - dim{L ± ,^,-.)) 

= dim(ker((dexpf^)„)) - (dim(J") - dim (L^^p_L^ („))). 

Since J- is taut, the connected component A,j of (exp][:j)~^((7) containing is a 
compact submanifold of v(V) that is smoothly foliated by the (dim(J^) — dim(Lg))- 
dimensional regular foliation whose leaf through a horizontal vector w E A„ is given 
by N'w = {^^Pm)~^{q) n ^w- Again, we can regard as a saturated subset of the 
regular part of the singular Riemannian foliation on Vq{Lq) via : A„ — >■ Vq{Lq), 
defined by the prescription dy{w) = d{exp'^j)ty{w). Moreover, by our choice of L\ 
the image of the composition dQq o dy is completely contained in the manifold 
part of TgM/Sq iyq{Lq)/^l (cf. Section 4 of [LTIOJ ). so that every leaf of ^q, 
through a vector w' € i^q' {L'^,) with dQq, {w') G dQq{dy{Ay)) is also regular without 
holonomy. 

If we therefore define Kg/ C ^q, to be the preimage 

Kq, = idQ'q,)'\idQqOdy)iAy)), 

then Kqi is obviously a union of regular leaves of without holonomy, namely 
of leaves of dimension dmi{J-') — dim(L^,), completely contained in a concentric 
sphere. Further, because dQq{dy{Ay)) carries a natural smooth structure that 
turns it into a (dim(Ai,) — (dim(J^) — dim(Lg)))-dimensional manifold, and the 
restriction of dQ'^, to the set of points lying on regular leaves without holonomy is 
a submersion, the set Kqi is a compact submanifold of i^qi [L'^, ) of dimension equal 
to dim(ker((c?exp|:^, )„/)). 

Now recall that all the infinitesimal foliations are invariant under all non-zero 
homotheties. Thus, if we define A'^, — {— 7«;'(1) ^ — G Ky'}, it easily fol- 

lows from our above discussion that A'^^, is a compact submanifold of (exp^^,)^^(g') 
containing v' that satisfies T^'A^, = ker((c?exp;^^,)^') for all w' G A'^,. This proves 
the claim. □ 

As already mentioned before, tautness of a submanifold L C M requires very 
special symmetry of the pair (M, L) around the submanifold L, what clarifies the 
fact that there are not many examples of taut submanifolds actually known. By 
this reason, it is worth mentioning that the ideas of the last proof can be used to 
construct lots of examples. For this purpose, consider a closed singular Riemannian 
foliation on M such that the space of leaves M/ J" is a good Riemannian orbifold 
N /T. Assume that there is a submanifold S C N completely contained in the 
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interior of a fundamental domain of the F-action which we identify with M / T , 
and consider the saturated preimage T = Q^^{S) that is a union of regular leaves 
without holonomy. Now let v G Vp(T) be a normal vector to T. Then every J^- 
vertical Jacobi field along (cf. Section [373)) is also a T-Jacobi field along 71,, i.e. 
W^^ C A"^, and similar arguments as in the proof of Theorem 13.201 can be used 
to see that the multiplicity of Q^,{v) as a focal vector of 5 in is the same as 
the difference of the multiplicity of u as a focal vector of T in M and the number 
dim(J^) — dim(L^^(-]^)). Thus the following lemma is obtained along the same lines 
as the proof of Theorem 13.201 

Lemma 3.25. Let J- be a closed singular Riemannian foliations on a complete 
Riemannian manifold M , such that the space of leaves M jT is isometric to a 
quotient N/T, where N is a Riemannian manifold and T C Iso(A^) is a discrete 
group of isometrics. Let Nq C N denote a fundamental domain of the T-action 
and identify Nq = MjT. Now assume that S C N is a taut submanifold that 
is completely contained in the interior of Nq . Then if Q : A/ — S> A^o denotes the 
projection, the submanifold Q~^{S) is taut, too. 

In the case where M = M"+'^ is the standard Euclidean space and J- is an n- 
dimensional isoparametric foliation, i.e. the parallel foliation induced by an isopara- 
metric submanifold L of dimension n, identify a section S with the Euclidean space 
M'^. Then take a small taut submanifold S* C K'^ completely contained in the in- 
terior of a Weyl chamber associated to the finite Coxeter group generated by the 
reflections across the L-focal hyperplanes in E and consider the 7^-saturated set 
T = {p e R"+''|ip n S* ^ 0}. Then, due to the last lemma, T is a taut submanifold 
of M"+'=. 

We finally come to the refined version of Theorem 13.201 

Theorem 3.26. Let J- be a closed singular Riemannian foliation on a complete 
Riemannian manifold M . Then MjT is an orbifold and T is taut if and only if 
the quotient MjT is a good Riemannian orbifold with a pointwise taut universal 
covering orbifold. 

Let us assume that MjT is a good Riemannian orbifold. Then, by Theorem 
13.201 the foliation T is taut if and only if the universal covering orbifold, that is 
a manifold in this case, is pointwise taut. Thus we prove Theorem 13.261 by the 
observation that in the orbifold case the quotient of a taut foliation is developable. 

Lemma 3.27. If T is a closed and taut singular Riemannian foliation on a com- 
plete Riemannian manifold M that has an orbifold quotient, then MjT is a good 
Riemannian orbifold. 

Proof. It is a well known fact that every Riemannian orbifold is the quotient of a 
regular Riemannian foliation. For instance, one could take the foliation J- on the 
manifold M of orthonormal frames of M/J' induced by the almost free action of 
0{k), where k is the dimension of the orbifold (cf. [IIae84 ). By Theorem 13.201 
J- is taut if and only if T is taut and the latter is taut if and only if its lift J- 
to the universal covering is taut as we saw above. Hence J- is taut, too. Since 
M is simply connected, J- has trivial holonomy (cf. Section 13. 2p and therefore, 
M / J- is a complete Riemannian manifold, which is also simply connected by the 
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exact homotopy sequence. In particular, M/T — > M/F is the universal orbifold 
covering. □ 

The property that the quotient of a singular Riemannian foliation is a Riemann- 
ian orbifold can be described by means of the infinitesimal foliations. Namely, this 
class of foliations coincides with the class of singular Riemannian foliations whose 
infinitesimal foliations have sections. Let us recall that a singular Riemannian folia- 
tion (M, !F) admits sections if there exists a complete, immersed submanifold Sp 
through every regular point p g M that meets every leaf and always orthogonally. 
It is not hard to see that a section is totally geodesic in M . As an example, the 
set of orbits of a polar action is a singular Riemannian foliation admitting sections. 
Motivated by this example we also speak about polar foliations. We end this section 
with a short recollection of the basic notions for those foliations and reformulate 
our result about foliations whose quotients are orbifolds. 

Singular Riemannian foliation with sections are well understood and were stud- 
ied, for example by Alexandrino and Toben. One nice feature of this class is that 
one can canonically construct a blow up which has the same horizontal geometry 
(cf. |T06| ). In |L10j it is shown that the existence of such a geometric resolution of 
a singular Riemannian foliation is equivalent to the fact that the foliation carries 
at the infinitesimal level the information of a singular Riemannian foliation with 
sections. Such foliations are called infinitesimally polar and were first defined and 
discussed by Lytchak and Thorbergsson in jLTlO] . 

If dim(J^) = n and dim(Lp) = r, then the infinitesimal singular foliation 5p (see 
SectionlOfor the definition) on TpM = TpMn-r x (TpMn-r)^ is a product dpX^p, 
where ^p is the trivial foliation given by parallels of TpLp and the main part "Sp on 
(TpMn-r)'^ is a singular Riemannian foliation, invariant under rescalings and with 
the origin as the only 0-dimensional leaf. Thus ^p is the cone over a foliation of 
dimension n — r on the unit sphere of TpM^_^, which is induced by the intersections 
of the nearby higher dimensional leaves with a slice through p. In particular, the 
foliation ^p is polar if and only if its factor ^p is polar. 

Example. Let (M™, g) be a complete, simply connected Riemannian manifold with 
a closed singular Riemannian foliation of codimension 2 and MjT — S'^/F. Then 
J- is infinitesimally polar and F is a finite Coxeter group. Further, J- is taut and 
therefore has no exceptional leaves. Let L g MjT be a point of codimension 2, i.e. 
a corner. Take a point p G jj"--^ and consider the infinitesimal singular Riemann- 
ian foliation on {i'p{L), gp). Since L has codimension 2 in M/J^, the singular 
Riemannian foliation ^p is the cone foliation over a singular Riemannian foliation of 
codimension 1 on the unit sphere S''^^ in Vp{L). By a result of Miinzner (see |Mu80) . 
}Mu81j l. one therefore has S^~^ /^'^ — Id for an interval Id with length \Id\ = tt/cZ 
and d G {1,2,3,4,6}, i.e. Vp{L)/^p is an open cone over Id with angle ir/d. Note 
that to obtain a local isometry between Vp{L)/^^ and U / J- for a neighborhood U 
around p, indeed one has to change the metric on Vp{L), but this has no influence 
on the possible values of the angle, because the metrics coincide in 0. Now the finite 
to one mapping U jT ^ Mj T between the local and global quotient is given by the 
quotient ([/ /J^)/VF, where is a group acting on \J by isometrics. But the absence 
of exceptional leaves implies that W acts trivially, so that a neighborhood of L in 
MjT is isometric to IJ jT . It follows by the known classification of S^/F that the 
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quotient MjT is either the whole sphere 5^, the hemisphere S"^ a sickle S"^ /Di 
with i G {2,3,4,6}, or it is a spherical triangle with angles (7r/ni, 7r/n2, Tr/ns) and 
K,n2,n3) G {(2,2,2),(2,2,3),(2,2,4),(2,2,6),(2,3,3),(2,3,4)} 

If i : E — >■ M is a section of J- then dLp{TpYi) is a section of ^u(p)- Thus a 
singular Riemannian foliation with sections is infinitesimally polar. Conversely, in 
the general case, a section E of cannot be realized as the tangent space of a 
local section, because this is equivalent to the fact that the horizontal distribution 
over the regular stratum given by H = UpeMo (-^p^p)''"'''' integrable, what, under 
the assumption of completeness of Af , is equivalent to existence of sections (cf. 
[A06) ). A well known example of an infinitesimally polar singular Riemannian foli- 
ation that is not polar is given by the fibers of the Hopf fibration S"^ — >■ S'^{^). 

In |LT10j Lytchak and Thorbergsson proved the following 

Theorem (Lytchak and Thorbergsson, 2010) The following are equivalent: 

(1) The infinitesimal singular Riemannian foliation ^p is polar; 

(2) is locally closed at p and a local quotient U/J- of a neighborhood U of p 
is a Riemannian orbifold. 

In fact, in [LTIO] it is shown that the statements above are equivalent to the 
non-explosion of the curvature in the local quotients as one approaches a boundary 
point p of A/q- 



Using the description of Lytchak and Thorbergsson and Theorem l3.26l we obtain 

Corollary 3.28. Let J- be a closed singular Riemannian foliation on a complete 
Riemannian manifold M . Then J- is infinitesimally polar and taut if and only if 
the quotient MjT is a good Riemannian orbifold with a pointwise taut universal 
covering orbifold. 

If the infinitesimal singular Riemannian foliation ^p on {TpM, gp) is polar, ^p is 
an isoparametric foliation given by the parallel foliation induced by a regular and 
hence isoparametric leaf. Since isoparametric foliations on a Euclidean space are 
taut (see [HPT88| ). the infinitesimal foliation is taut in this case. The next 
lemma states that this is always true. 

Lemma 3.29. Let J- be a closed singular Riemannian foliation on a complete 
Riemannian manifold {M,g). Lf T is taut, then for every p S M, the infinitesimal 
foliation ^p on {TpM, gp) is taut. 

Proof. We will use the notation from the beginning of this section. Take a point 
p G M with d — dim(Lp) and k = codmi{Mn-d)- Then we have an orthogonal 
splitting TpM — TpMn-d ffi Vp{Mn~d) that induces a splitting of g'p into a product 
foliation 5'p = x ^J^, where the first factor is the foliation given by parallels of 
TpLp and the main part ^p is the cone-foliation, i.e. invariant under all homotheties 
T\{v) = A ■ ti, of a singular Riemannian foliation with compact leaves of dimension 
at least one on the unit sphere in Up{Mn-d) (if i^p{Mn-d) 7^ {0})- Since the path 
spaces of these product submanifolds are the products of the corresponding path 
spaces in the factors and the critical points are exactly the tupels of critical points in 
these factors, so that the critical data behave additive, we conclude that ^p is taut 
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if and only if is taut, because TpLp is contractible and is the trivial foliation 
by parallels of TpLp. Further, because as well as the set of straight lines in TpM 
is invariant under homotheties it follows that ^p is taut if and only if the restricted 
foliation ^p\d is taut, where I? is a small ball in Vp{Mn^j) around the origin. 
Note that such a ball D is always saturated. Let J7 be a distinguished tubular 
neighborhood around p and set V — 4'{U) and h — (p^ g, where (j) : U TpM with 
= 5^p|y is an embedding as in the definition of the infinitesimal foliation 
at p. Now with respect to the metric h and for a small ball D around the origin 
in Vp{Mn-d), the closed singular Riemannian foliation ^p\(Tj,M„-dy-D)r\4>(U') is taut, 
i.e. the saturation of J'\4,-'^{d) in U' is taut, where C/' C C/ is a smaller distinguished 
tubular neighborhood at p that contains (t)^^{D). To see this, we can choose U' so 
small that we have to consider only critical points 7 in U' with energy r such that 
the whole ball of radius r around 7(1) is contained in U , so that we have 



and we conclude by tautness of T that all the local unstable manifolds can be 
completed in U below the energy r. Thus, since U and U' can be assumed to 
be diffeomorphic, the local unstable manifolds can also be completed in U' , what 
implies our claim. If we now consider the blow up metrics on = {Au|w G V} 
defined by 



it follows that our restricted foliation is also taut with respect to the metrics h^. 
But the constant metric gp is just the flat limit limA-foo and we deduce that ^p 
is taut with respect to gp, because it is not hard to see that if a sequence of perfect 
Morse functions converge to a Morse function, this limit has to be perfect. This 
together with our genericity results from Section 13.21 finish the proof. 



In the standard picture of an isometric action of a Lie group G on a Riemannian 
manifold M, one could ask if there exists another Riemannian manifold (M,g), 
canonically related to M, on which G acts by isometries in such a way that all 
orbits of this action have the same dimension, because the singular leaves are the 
main source of difficulties. If one additionally tries to resolve the action in a way 
that preserves the horizontal geometry, there was no such general construction 
known before the work of Lytchak [LIO] , who came up with a canonical resolution 
preserving the transverse geometry. 

As the main result in |L10] , Lytchak gave an equivalent characterization of the 
infinitesimally polar foliations as exactly those foliations that admit a geometric 
resolution, where he defined a geometric resolution of (M, 5, to be a smooth and 
surjective map F : M ^ M from a Riemannian manifold (M, g) with a regular 
foliation such that the following holds true: For all smooth curves c in Af the 
transverse lengths of c with respect to and of F{c) with respect to J' coincide. 
The transverse length of a smooth curve c : [a, b] M is defined as the length of 
the projection to local quotients 



P{U, L^(o) nUx 7(1))'- = P(M, L^(o) X 7(1))' 



□ 
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where Pq : TqM — s> [TqLq)^ denotes the orthogonal projection. In particular, 
as in the definition of a geometric resolution, sends leaves of J- to leaves of such 
a map is called foliated, and induces a length preserving map between the quotients. 

In |L10| Lytchak proved 

Theorem (Lytchak, 2010) A singular Riemannian foliation [M, J-) has a geomet- 
ric resolution if and only if J- is infintesimally polar. If J- is infinitesimally polar, 
then there is a canonical resolution F : M ^ M satisfying dim(M) = dim(M) and 
such that F induces a diffeomorphism between the regular part Mq and F~^{Mq) 
as well as an isometry between the quotients M / J- and M / J- . If J- is given by 
the orbits of a group G C Iso(M), then G acts by isometrics on M and J- is the 
associated orbit foliation. If M is compact or complete, then M has the respective 
property . 

Note that horizontal in (M, !F) and (M, F) with the same projection to the com- 
mon quotient have the same horizontal index (cf. Section [3. 3p . 

Let us now say some words about his canonical resolution. Recall that the 
Grassmannian bundle <6k{M) of a given manifold M""*"*^ consists fiberwise of the 
Grassmaniann manifolds 

GkiTpM) = {cr C TpM\a is a fc-plane} 

of the /c-dimensional linear subspaces of the tangent space TpM , that is to say 
(Sfc(M) = Upg^ Gfc(TpM). For a detailed discussion of the Grassmanian bundle 
with its natural metric we refer the reader to |Wie08) . 

For a singular Riemannian foliation J- of codimcnsion k on M which has sections, 
Boulam defined in IBou95| the set 

M' = {TpSiS is a section through p} 

of the Grassmannian bundle. Let P : M' M denote the restriction of the 
canonical map ©^(A/) — > M . Boualem constructed a differentiable structure on 
M' and showed that there is some Riemannian metric on TV such that the lifted 
partition F' = {P~^(L)|L G J-"} becomes a regular Riemannian foliation on M' . 

The foliation F' is called the blow up of F. 

In [T06j Tobcn proved this result again with another technique and gives the fol- 
lowing amplification: If we denote by h the natural Riemannian metric on C5fe(M) 
and by g' = t*h the pull back on M', then the pair [F' , F'^) is a bi- foliation on 
M' with a Riemannian foliation F' and totally geodesic foliation F'^ . 

Therefore, in some sense, the sections of F play the role of a global benchmark 
and give rise to a resolution of the singularities. In |L10] Lytchak generalized this 
construction replacing M' by 

M = {S C TpAf |E is a section of through 0} 
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to infinitesimally polar singular Riemannian foliations. There is a unique Riemann- 
ian metric g on M such that its restriction to TF = T{{P\-j^)* J^) coincides with 
the restriction of the canonical metric on the Grassmannian bundle and vsiL^) 
is isometrically identified with E, where E is a section of 5^p(e). If we denote the 
restriction by F, then F : {M,F,'g) {M,F,g) is the canonical geometric 
resolution. Thus what is really needed for such a resolution is just the infinitesimal 
geometric information of a singular Riemannian foliation with sections, but not the 
actual existence of sections. 

Using Lytliak's characterization of infinitesimally polar foliations and Theorem 
13.201 we therefore obtain 

Corollary 3.30. Let F be a closed and infinitesimally polar singular Riemann- 
ian foliation on a complete Riemannian manifold M and let {M,F) denote the 
canonical geometric resolution. Then F is taut if and only if F is taut. 
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